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NOMENCLATURE

R;C Real and complex number spaces

w Radial displacement of a point on a ring

u Tangential displacement of a point on a ring

W Amplitude of vibration in the radial direction

U Amplitude of vibration in the tangential direction

n Number of nodal diameters in a given mode

wn Resonant frequency of a moden

w0n Unperturbed resonant frequency of a moden

t Time

f Angle on the ring with respect toD1 axes, or Euclidean axes,

that generally represents locations of mass perturbations

Y Angle of the antinode axes from either Euclidean axes or theD1 axes

Y H Angle of the high frequency antinode

Y L Angle of the low frequency antinode

an
W
U , the amplitude ratio of a given moden, Chapter 2 only

E Young's modulus

A Cross sectional area of the ring, Chapter 2 only

R Radius of the ring, Chapter 2 only

v Poisson ratio

h Radial thickness of the ring

b h
12R, Chapter 2 only
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S0n Maximum strain energy

T0n Maximum kinetic energy

Tmn Maximum kinetic energy of added point masses

eTn
Tmn
T0n

mi Mass perturbation at indexi

mu Point mass equivalent of a frequency split

Mring Total mass of the ring

mpert Minimum discrete value of a mass perturbation

d Relative frequency split

D1; D2 Labels for the two electromagnetic drivers

S1; S2 Labels for the two capacitive sensors

Zact(k) Transfer function for the 2� 2 system, written in the

actuator's reference frame

Hout(s) Output transfer function forZact(k)

R 2� 2 real matrix, compensates for non-collocation effects

R̃ Approximation ofHout(s)R, of degreenR

M 2� 2 mass matrix

C 2� 2 damping matrix

K 2� 2 stiffness matrix

Di 2� 2 mass perturbation matrix

np Number of mass perturbations

l M;K; l M;K largest and smallest generalized eigenvalues ofM andK

a Scalar number of magnets to be added

MP Perturbed total mass,Mring + å i mi
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A1;A2 Accelerometer labels, locations

v1;v2 Velocities measured atA1 andA2 respectively

Hv Transfer function from the drivers to the accelerometer velocities

B(w) 2� 2 linear acceleration coupling transfer function

B Measured linear acceleration coupling matrix

DB Measured linear acceleration coupling perturbation matrix

Cx;Cy Thex andy coordinates of the center of mass

bcni ;bsni The two harmonic imbalance parameters for then j harmonic

~b Vector of imbalance parameters

Sh1;Sh2 Shaker labels/locations

HvD Transfer function from the accelerometer velocities to the

capacitative pick-offs

BD Theoretical dual linear acceleration coupling matrix

LH (w;x ) Function used for feedthrough compensation

x A set of frequencies used to de�neLH

Ĥ The transfer functionH after feedthrough compensation

bcos;bsin Harmonic imbalance parameters used for the tuning problem

g Magnitude of the frequency split
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ABSTRACT OF THEDISSERTATION

Mass Perturbation Techniques for Tuning and
Decoupling of a Disk Resonator Gyroscope

by

David Schwartz

Doctor of Philosophy in Aerospace Engineering

University of California, Los Angeles, 2010

Professor Robert T. M'Closkey, Chair

Axisymmetric microelectromechanical (MEM) vibratory rate gyroscopes are de-

signed so that the two Coriolis-coupled modes exploited forrate sensing possess equal

modal frequencies and so that the central post which attaches the resonator to the sen-

sor case is a nodal point of the these two modes. The former quality maximizes the

signal-to-noise ratio of the sensor, while the latter quality eliminates any coupling of

linear acceleration to the modes of interest, which, if present, creates spurious rate sig-

nals in response to linear vibration of the sensor case. Whenthe gyro resonators are

fabricated, however, small mass and stiffness asymmetriescause the frequencies of the

two modes to deviate from each other and couple these modes tolinear acceleration.

In a resonator post-fabrication step, these effects can be reduced by altering the mass

distribution of the resonator. In this dissertation, a scale model of the axisymmetric

resonator of the Disk Resonator Gyroscope (DRG) is used to develop and test methods

that successfully reduce frequency detuning (Part I) and linear acceleration coupling

(Part II) through guided mass perturbations.

xx



CHAPTER 1

Introduction

High performance axisymmetric vibratory angular rate sensors have become a topic

of great interest because of their potential to perform as well as ring laser gyroscopes

while requiring much less power. They operate by sensing theresponse of vibrating

modes in the resonant structure due to Coriolis forces. The Hemispherical Resonator

Gyroscope (HRG), whose resonator is shown in Figure 1.1, hasbeen used on the Hub-

ble, Cassini and NEAR missions for stability and control. The Boeing Silicon Disk

Resonator Gyroscope (SiDRG), whose planar resonator is also shown in Fig. 1.1, op-

erates on the same principle and motivates the study in this dissertation.

Even when skilfully manufactured, local variations in etchrate produce minute

mass and stiffness asymmetries on the gyroscope's resonantstructure that can impede

performance. The orientation of the asymmetries can cause the loss of performance to

manifest itself in several ways. Asymmetries of the fourth harmonic cause the frequen-

cies of the two essentially degenerate n=2 Coriolis-coupled modes to diverge, thereby

causing a reduction in the achievable signal-to-noise ratio.1 This effect, referred to as

frequency detuning, can be seen on the SiDRG on the bottom plot of Fig 1.2. Asym-

metries of the �rst and third harmonic of mass distribution cause a coupling of the

1The parameter n generally refers to the number of modal diameters for a given mode. Thus, in this
case, the n=2 Coriolis-coupled modes are the two in-plane elliptical modes as illustrated in Fig. 1.5.

1



30mm diameter

8mm 
diameter

Figure 1.1:Left: Photograph of the Hemispherical Resonator Gyroscope's (HRG) res-
onant piece, which is manufactured from machined quartz [1]. Right: Photograph of
the resonant structure of the Boeing Silicon Disk ResonatorGyroscope (SiDRG). The
n=2 Coriolis-coupled modes of the resonator are generally utilized for rate detection.

Coriolis-coupled modes to in-plane linear acceleration. This quality can cause spuri-

ous rate signals as well as non-uniform damping. Linear acceleration coupling on the

SiDRG is exhibited in the top plot of Fig 1.2.

An example of how both frequency detuning and linear acceleration coupling affect

performance can be seen in Figure 1.3. In this �gure, the power spectral density (PSD)

of the measured rate is plotted while the gyroscope is stationary. This experiment uses

the Macro DRG, a macro scale model of the SiDRG that was built for the studies in this

dissertation (Figure 1.4), as its sensing gyroscope. The top plot of the �gure compares

the PSD before and after frequency tuning is employed using mass perturbations in the

form small magnets placed on the resonator. The magnitude ofthe PSD of the detuned

sensor is clearly larger in the range of the sensor bandwidth, which in this case is about

12 Hz. The bottom plot of the �gure displays the measured ratePSD when the base

is subject to in-plane linear shaking in a frequency band encompassing the Coriolis-

coupled modes, thus simulating environmental shaking of a sensor case. One trace

2



shows the result when only tuning is employed, while the other trace shows the result

when both tuning and linear acceleration decoupling methods are employed. The PSD

is signi�cantly higher when the sensor is coupled. Thus, theclear gains achieved

through both the reduction of frequency detuning and reduction of linear acceleration

coupling in vibratory gyroscopes has been shown.

Part I of this dissertation will focus on frequency tuning. In past work, the resonant

frequencies of the SiDRG were tuned by applying electrostatic forces with dedicated

electrodes, thereby locally altering the resonator stiffness [2, 3, 4]. The drawback

of this solution to the tuning problem, however, is that the electrodes are required to

maintain a voltage stability that is dif�cult to achieve with compact, low-cost electron-

ics. The possibility of tuning the modes by permanently altering the mass distribution

of the resonant structure is attractive because it eliminates the need for electrostatic

tuning electronics.

Though no analytical results exist regarding the effects ofmass perturbations to the

SiDRG's speci�c structure, results have been documented for a simple ring, which has

similar modal characteristics. In an axisymmetric ring, planar modes with the same

nodal con�guration occur in degenerate pairs which have thesame modal frequencies

and have indeterminate angular orientations around the axis of symmetry. The focus in

this dissertation is on the n=2 Coriolis-coupled modes, which have the elliptical shape

illustrated on the left-hand side of Fig. 1.5, because they are the modes most commonly

exploited in axisymmetric vibratory gyroscopes.2 Studies of rings with small mass and

stiffness asymmetries show that the rings have approximately the same elliptical mode

shape for the n=2 Coriolis-coupled modes, but that the modesare constrained to two

2Much of the analysis, however, applies to higher-order Coriolis-coupled modes as well.
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�xed orientations, 45 degrees apart, and at two nearly degenerate modal frequencies

(middle of Fig. 1.4) [5, 6]. Other researchers have derived expressions concerning the

effects of mass perturbations on the modal frequencies and the positions of the modal

axes and have veri�ed characteristics of these expressionson physical systems [5,

7]. The expressions were then used to derive a simple processin which frequency

tuning was achieved by adding a point mass to the location of the anti-node of the

high frequency mode or by removing a point mass from the location of the anti-node

of the low frequency mode (right side of Fig. 1.5) [6]. This process was veri�ed on

a MEM device when laser ablation was employed to remove mass and predictably

alter the frequency split [8, 9]. Unfortunately, this process is not easily extended to a

“production” environment because the determination of thelocations of the anti-nodes

with high precision requires signi�cant effort. The objective of Part I is to develop

a tuning algorithm that will use data retrieved from the embedded electrodes as its

solitary guide in tuning the modal frequencies.

In order to facilitate the development of algorithms, the Macro DRG was fabri-

cated for the study (Fig. 1.4). Although the Macro DRG resonator is not an exact

scale replica of the SiDRG resonator, the two share many salient features such as

the number of concentric rings and the orientation of the “spokes” connecting them.

The presented tuning approach is facilitated by a novel model identi�cation method

which is applied to multi-input/multi-output empirical frequency response data gen-

erated with the Macro DRG. Small magnets are used to effect perturbations to the

resonator mass and are modelled as perturbations to the identi�ed mass matrix. The

prospect of achieving a tuned state by placing magnets at only one angular location on

the resonator is analyzed which motivates the discussion ofa more elegant frequency
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tuning approach. This approach uses only the �xed electromagnetic actuators and �xed

capacitive sensors as its guide, successfully circumventing the need to directly iden-

tify the location of the anti-node of the higher frequency n=2 mode. In Chapter 4, this

approach is successfully demonstrated under several different initial resonator condi-

tions.

Part II of the dissertation concerns the problem of linear acceleration coupling.

Methods for decoupling the Coriolis-coupled modes from linear acceleration have not

been developed nearly as thoroughly as those for modal tuning. Zhbanov et al. ap-

proached the decoupling problem analytically and proposedthat the elimination of

linear acceleration coupling to the n=2 Coriolis-coupled modes can be achieved by

causing the center of mass of the resonator to be a node of the n=2 Coriolis-coupled

modes [10]. The analysis showed that the coupling could be eliminated by “balancing”

the �rst and third harmonics of the mass asymmetry.3 An extremely simple version of

this method can be followed in Figure 1.6. The authors did not, however, explain how

one would measure the mass asymmetry harmonics, nor has a reduction in linear ac-

celeration coupling ever been empirically demonstrated inthe open literature. Thus,

the goal of Part II is to develop a method for experimentally determining imbalance pa-

rameters and to demonstrate how these parameters can be usedto effectively eliminate

linear acceleration coupling.

In order to identify coupling, the Macro DRG is modi�ed so that in-plane vibra-

tion of the resonator base is allowed. Thus, as the electromagnetic forces drive the

Coriolis-coupled modes, accelerometers attached to the base measure the in-plane ac-

3The �rst and third harmonics of the mass asymmetry are simplythe �rst and third harmonics of the
mass/unit length function along the circumference of the ring. The harmonics are considered “balanced”
when they have a value of zero.
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celeration of the disk center. The unperturbed resonator exhibits a clear response at

the frequencies of the n=2 Coriolis-coupled modes, therebydemonstrating coupling of

the modes to base vibration. Then, as small magnets are placed on the outer rings of

the resonator to implement reversible mass perturbations,a change can be seen in the

nature of the linear acceleration coupling.

The discussion continues with an explanation of the processby which a coupling

matrix, which includes the four “imbalance” parameters, can be extracted from multi-

input/multi-output frequency response data. Experimentsare performed to show how

the measured imbalance parameters change as the magnets areplaced at different an-

gular locations along the outer rings. These changes are dominated by the �rst and

third harmonics when plotted against angular placement. With the guidance of this

relationship, the coupling matrix can then be used to determine the locations and the

magnitudes of mass perturbations required to perform decoupling.

Chapter 6 presents two decoupling methods. The �rst approach utilizes data from

experiments performed in the preceding chapter to guide decoupling. When the method

is tested the �nal result shows a dramatic reduction in totalcoupling and a slight in-

crease in the quality factor. The second method uses a �rst and third harmonic approx-

imation of the data as its guide. By using the simpli�ed model, this solution is imple-

mented without having previous detailed knowledge of the mass perturbation function.

This would likely be the most applicable method for decoupling typical axisymmetric

resonators.

In Chapter 7 a “dual” experimental setup is used to simulate the coupling exper-

iment that is more easily realized on a micro scale device. Electromagnetic shakers

are attached to the base of the post so that the coupling to themodes of interest can
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be measured using the capacitative sensors. The coupling parameters are then identi-

�ed using a similar method to that used in Chapter 5 and used toguide a decoupling

process.

In Chapter 8, the lessons of the two parts are essentially combined and a method

for simultaneously reducing frequency detuning and linearacceleration coupling for

the Macro DRG is developed and successfully implemented. Finally, in Chapter 9, the

Macro DRG is operated as a gyroscope so that the performance gains from frequency

tuning and linear acceleration decoupling can be observed.

The Appendix discusses solutions to problems involving thebalancing of multi-

ple harmonics. The solutions to these problems would be applicable not only to the

speci�c problems addressed in the dissertation, but also toproblems such as tuning

multiple modes and removing linear acceleration coupling from higher order modes.
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Figure 1.2:Top: The frequency response of the SiDRG exterior ring radial velocity to
excitation of its base. The two n=2 Coriolis-coupled modes exist at two slightly dif-
ferent frequencies, indicating detuning that is caused by small mass asymmetries. The
fact that these modes are observable in this experiment suggests that the Coriolis-cou-
pled modes exhibit coupling to movement of the base, which can impact performance
by producing spurious rate signals due to case acceleration. Bottom: The frequency
response of a different SiDRG using embedded drive and senseelectrodes within a
narrow, 100 Hz band encompassing the “fundamental” Coriolis modes. Note, the res-
onant frequencies of the Coriolis-coupled modes of this particular resonator are higher
than those in the top plot. Though the frequency split is small in a relative sense—less
than 0.3%—the sensor effectively has no mechanical gain in this state.
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angular position relative to the axis of symmetry.Middle: When slight mass asymme-
tries exist, the modes manifest themselves in two �xed angular orientations, 45 degrees
apart. These modes have two slightly different frequenciesand cause the detuning
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a “tuned” state can be reached. Even though the mass distribution is asymmetric, the
important properties of the ideal ring are recovered.
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Part I

Frequency Tuning of the Macro DRG
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CHAPTER 2

Analysis of a Simple Ring

Before attempting frequency tuning with the complex DRG structure, it is �rst infor-

mative to examine the work performed on more simple geometries. The axisymmetric

ring has been analyzed at great depth over the past several decades. Lord Rayleigh �rst

observed the resonant dynamics of a ring in the mid 19th century, �nding that rings

resonate in plane with equally spaced axial anti-nodes [11]. Several methods were

later used in the 20th century to gain a deeper understandingof the frequency splits in

these resonant modes.

2.1 Anatomy of a Frequency Split

A mode withn nodal diameters and natural frequencyw0n has the form

w(f ; t) = Wcos(nf )ejw0nt ; u(f ; t) = U sin(nf )ejw0nt (2.1)

wherew is the axial displacement andu is the tangential displacement (Fig. 2.1).

Several methods have been employed to analytically �nd the natural frequencyw0n

and the amplitude ratioan = W
U ([5, 6]). The approach used in this section, �rst shown

by Fox et al., employs the Rayleigh-Ritz method wherein the maximum kinetic and

potential energy of a mode can be used to �nd the parameters ofthe mode shape. A
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Figure 2.1:Left: Illustration of the radial deformation, w, and the tangential deforma-
tion in a single ring.Right: Illustration of variables used in perturbation analysis ofa
ring. The orientation of the nodal axes is denotedY.

slight simpli�cation of Fox's analysis follows. By simplifying the thin shell theory

equations for a thin ring vibrating in-plane (given in [19]), the maximum strain energy

and kinetic energy are

S0n =
�
U2pEA=2R(l � v2)

� �
(n2 � a 2

n)1+ b (l � n2)2a 2
n
�

w2
0nT0n = 1

2U2pRArw 2
0n(1+ a 2

n):
(2.2)

By following the Rayleigh-Ritz method we de�new2
0n = S0n

T0n
, so that¶w2

0n
¶an

= 0. This

gives

an =
�
(n2 � 1)=2n

� �
1+ b (1� n2)

�
�

q
((1� n2)2=4n2) (1+ b (1� n2))2 + 1

w0n = 1
R

q
E

r (1� v2) ((n� an)2 + ba 2
n(1� n2)2)

(2.3)

in which the two solutions ofw0n can be found for each value ofn. The �rst (utilizing

the addition) represents a largely �exural mode while the other represents a largely

extensional mode. We are only concerned with the �exural.

In order to continue, we must generalize equation (2.1) to allow for a change in the

position of the anti-nodes. The angular location of the anti-node is denotedY so the
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new expressions for the deformation are

w(f ; t) = Wcos(n(f � Y )) ejw0nt ; u(f ; t) = U sin(n(f � Y )) ejw0nt : (2.4)

Now we are ready to add mass perturbations into the analysis.If N masses,mi are

added to the ring at positionsf i , then the kinetic energy added to the system would be

w2
nTmn = U2

N

å
i= 1

1
2

miw2
n [sin2n(f i � Y n) + a 2

n cos2n(f i � Y n)]: (2.5)

The natural frequency of the perturbed system,wn, can now be expressed as

w2
n =

w2
0n

1+ eTn
(2.6)

whereeTn = Tmn
T0n

is small. Employing Rayleigh-Ritz again, set¶w2
n

¶y n
= 0 which implies

that, for smalleTn,
¶eTn
¶y n

= 0, or

¶eTn

¶Y n
=

n(1� a 2
n)

2T0n
å
i

mi sin2n(f i � Y n) = 0: (2.7)

After rearranging, an equation forY n can be obtained

tan2nY n =
å i mi sin2nf i

å i mi cos2nf i
: (2.8)

Using this equation, for any valuen and given set ofN mass perturbations, two values

of Y can be obtained, separated byp
2n, that identify the angular position of the anti-

nodes of the two modes of the ring. Finally, each perturbed resonant frequencywnp,

p = 1;2 can be obtained by

w2
np =

w2
0n

1+ U2

2Ton
å i mi[(1+ a 2

n) � (1� a 2
n) cos2n(f i � Y np)]

: (2.9)

Fox used these equations to solve the tuning problem. He showed that any con�gura-

tion of masses could be represented by a positive point mass placed at the anti-node of
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the high frequency mode. Thus, by placing the correct amountof positive mass at this

location the frequencies would be tuned. He derived this “point mass equivalent” to be

mu = Mring
(1+ a 2

n)(w2
n2 � w2

n1)
2(a 2

nw2
n1 � w2

n2)
; (2.10)

wherewn1 andwn2 are the resonant frequencies of the low and high frequency modes

respectively. If we now de�ne the frequency ratiod = wn2� wn1
wn2

, then the mass ratio can

be shown to be
mu

mring
�

a 2
n + 1

a 2
n � 1

d: (2.11)

In the case of then = 2 Coriolis mode, this means that the mass ratio is nearly two

times the frequency ratio for any low pro�le ring.

2.2 Additional Anecdotes Regarding Tuning

The underlying process of �nding the locations of the anti-nodes of the modes and

either adding mass to the high frequency mode's anti-node ortaking mass away from

the low frequency mode's anti-node is conceptually straightforward. The robustness

of the process, however, has not been explicitly stated. In other words, the effect of a

small error in mass placement has not been analyzed. To simulate the effect of such

an error, a detuned ring is modelled as a perfectly symmetrical ring with one negative

point mass which de�nes the angular location of the axes of the high frequency anti-

node. For simplicity,f = 0 at this angle, and the relationship between additional

masses andY and the frequency split is observed using (2.1). Though it isdif�cult

to �nd a closed form expression for this relationship, the effects can clearly be seen.

The axes of the high frequency anti-node move away from the added mass and the

reduction in the frequency split is less prevalent. One can think of the mass “attracting”

16



Figure 2.2: A common problem when tuning a ring-like structure is that a slight mis-
placement of a tuning mass can change the positions of the nodal axes. In this demon-
stration the native mass asymmetries are idealized as a large “negative” point mass at
the high frequency anti-node. As mass is added near this “negative” mass, the mode
shifts away in the opposite direction. Thus, any reasonabletuning algorithm will need
to “follow” the anti-node.

the low frequency mode and “repeling” the high frequency mode. Even a one degree

misplacement of mass can potentially have a large effect, depending on the relative

size of the placed mass. Thus, when the time comes to actuallytune a device, better

results are achieved if mass is added in small increments between measurements of the

modal shape.

The fact that frequency tuning is done with discrete amountsof mass presents

another problem. If the mass needed to tune the device is smaller than the smallest

mass available, tuning is impossible with a single mass. If the mass is placed directly

on the axis of the high frequency anti-node, one “overshoots” the tuning, and that

location becomes the location of the low frequency anti-node. If the mass is placed

close the high frequency anti-node, the mode swings away. This case, however, can

be tuned ef�ciently by adding mass on either side of the high frequency anti-node,
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essentially trapping it. The locations of the “trap” can be found by solving

mucos(4Y H) = mpertcos(4(Y H � f ) + mpertcos(4(Y H + f )

musin(4Y H) = mpertsin(4(Y H � f ) + mpertsin(4(Y H + f ):

Thus the solution is

f = Y H �
1
4

cos� 1
�

mu

2mpert

�

in which mu is the magnitude of the split,mpert is the maximum amount a single mass

can reduce or amplify a split, andY H is the location of the high frequency anti-node.

Lastly, the structure of the DRG is not a true ring. The suspensions between the

concentric rings will inevitably alter the mode shape. Though the mode shape is still

dominated by the second harmonic, its exact form is dif�cultto resolve. It can be

shown that, if the other harmonics are small enough, the previous results still hold.
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CHAPTER 3

The Macro DRG Experiment and Model Identi�cation

3.1 Macro DRG Experimental Setup

The Macro DRG resonator is machined from cold-rolled 1018 steel and has an outer

diameter of 11.6 cm (Fig. 3.1). The resonator thickness is 4.7 mm and each of its nine-

teen rings is 0.9 mm wide with 1.1 mm gaps between rings. Each ring is connected to

its immediate neighbors at eight “spokes,” with 45 degrees spacing. The eight spokes

connecting a ring to its outer neighbor, however, are rotated by 22.5 degrees from the

eight spokes connecting the ring to its inner neighbor. Thus, the positions of the eight

spokes alternate radially between positions 22.5 degrees from each other giving six-

teen angular spoke locations, as shown. Small NdFeB magnets, disk shape with a 1.6

mm diameter and 0.8 mm thickness, can be attached to the top surface of the resonator

to create reversible mass perturbations.

Actuation and sensing of the resonator are achieved using electromagnetic actua-

tors1 and capacitive sensing pick-offs, each shown in Fig. 3.1. Each electromagnet is

a modi�ed relay, using variable current through its solenoid to exert a radial force on

1The Macro DRG uses electromagnetic actuation instead of electrostatic actuation because elec-
trostatic forces are too weak for effective actuation at theMacro DRG scale. Furthermore, the gaps
required for electrostatic actuation are so small that viscous effects dominate the dynamics of the air in
the gaps causing signi�cant nonlinear damping, an effect called squeeze-�lm damping [21].
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the resonator. Each sensing pick-off consists of a brass disk (5 mm diameter) placed

parallel to the outside edge of the outermost ring of the resonator. The resonator is

biased at 50 Volts and, as the resonator vibrates, the capacitance between the resonator

and the brass disk changes. Charge on the disk �ows to the virtual ground of the

transimpedance ampli�er that is con�gured with a 1 MW feedback resistor, thereby

providing a gain of 106 V/A. The transimpedance electronics are enclosed in a steel

shell to provide shielding from the electromagnetic actuators. The experimental appa-

ratus is shown in Fig. 3.1. Two electromagnets are placed 45 degrees apart so that they

present “orthogonal” excitations with respect to the n=2 Coriolis-coupled modes. The

two pick-offs are placed 135 degrees apart in an equally “orthogonal” arrangement.

The block diagram for open loop system identi�cation is shown in Fig. 3.2. A dig-

ital signal processor (DSP) generates band-limited test signals in the desired frequency

range. Since the electromagnetic actuator exerts an attractive force for both positive

and negative voltages, the desired AC waveform, with a 500 mVmaximum amplitude,

is biased by 3 Volts. The sense signals are then further ampli�ed ( � 400), �ltered with

low-pass eight-pole Butterworth �lters possessing 10 kHz cut-off frequencies, and then

sampled by the DSP. The drive signals are subjected to the same �lter and resampling

to eliminate �lter phase shifts and zero-order hold effects.

The displacement-to-voltage gain on the capacitive pick-offs is extremely sensitive

to the width of the air gap between the sensors and the resonator. With this in mind, the

actuators and sensors are placed on linear translational stages for precise gap control.

The gap calibration setup for the pick-offs, shown as the dotted paths in Fig. 3.2,

involves setting the electromagnet inputs to 0 Volts and replacing the 50 Volt bias

to the resonator with a 1.6 KHz sine wave from a signal generator. The responses
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from the pick-offs are compared to each other and the gaps between the pick-offs

and the resonator are adjusted until the responses exhibit the same amplitude. This

process ensures that the pick-offs will have the same gain atfrequencies near those

of the fundamental Coriolis-coupled modes. The electromagnets are much harder to

calibrate, but the same level of precision is not required due to the nature of the force

created by the magnetic �ux. The gap is set to 1 mm, which is large enough to have a

minimal detrimental effect on the quality factor of the resonator while still achieving

an adequately large excitation force.

A single channel of Macro DRG frequency response data is shown in Fig. 3.3.

The fundamental Coriolis modes are near 1.6 kHz and appear asone resonant peak

at this scale. The zoomed frequency responses reveal the individual Coriolis-coupled

modes with approximately a 1.6 Hz (0.1%) frequency split. This two-input/two-output

empirical frequency response format will be used as the principal guide to the model

�tting and tuning algorithms.

3.2 Sensor Model

3.2.1 Model Development

The system identi�cation method for guiding the mass perturbation process is based on

the one developed for electrostatic tuning of the gyro dynamics [4], which resembles

the model for a 2-degree of freedom spring mass system (Figure 3.4) with coupling al-

lowed between the modes. For mass tuning, the linear mechanics of nearly degenerate

vibratory gyros in a neighborhood of the Coriolis-coupled modes can be modeled as

Hout(s)RZ� 1
act(k)(s); (3.1)
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the resonator, are labeledS1 andS2. Small NdFeB magnets are added to create a re-
versible perturbations to the mass distribution of the resonator.Top Right: Diagram of
the electromagnetic actuator.Bottom Right: Diagram of the capacitive sense pick-off.
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Figure 3.3:Left: TheS1=D1 channel of the empirical wideband frequency response of
the Macro DRG showing several resonator modes. At this scalethere appears to be no
split between the n=2 modes (near 1.6 kHz).Right: The narrowband dynamics of all
four channels in a neighborhood of the fundamental Coriolis-coupled modes. The data
points are represented by `� ' while the trace through the points is a model that was �t
using the process described in the following section. Just as in the SiDRG response,
the Coriolis-coupled modes of the Macro DRG have a small frequency split despite
the fact that the steel resonator is highly symmetric.

wheres is the Laplace transform variable and where

Zact(k) (s) := ( M0 + Dk) s2 + Cs+ K: (3.2)

In this model,C andK are real 2� 2 positive de�nite damping and stiffness matrices,

M0 is the real 2� 2 positive de�nite nominal mass matrix, andDk is the perturba-

tion to M0 due to the particular arrangement of added magnets in thekth perturbation

case. The angular rotation rate of the sensor is assumed to bezero in this model.

The subscript onZact denotes that the system matrices are written in the generalized

coordinates speci�ed by the actuator (forcer) frame. The transfer functionHout repre-

sents any dynamics associated with the signal conditioningelectronics andR 2 R2� 2

captures the effects of non-colocated pick-offs and forcers.

The model parametersf M0;D1;D2; : : : ;Dnp;C;K;HoutRg are estimated by �tting

frequency response data fromnp + 1 experiments conducted with different mass per-
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springs mass

Figure 3.4: Basic two degree of freedom system used to describe the behavior of
Coriolis vibratory gyroscopes.

turbation scenarios to (3.1). In other words, thekth experiment yields two-input/two-

output complex valued frequency response dataf F k;1;F k;2; : : : ;F k;mkg corresponding

to themk real frequenciesf wk;1;wk;2; : : : ;wk;mkg.

The minimax optimization problem for estimating the sensorparameters is

min
M0+ Dp> 0

K> 0;C> 0;M0> I
Rl 2C2� 2; l= 0;1;:::;nR

max
k= 0;:::;np
q= 1;:::;mk

s
�
R̃k;q � F k;qZact(k)( jwk;q)

�
; (3.3)

where

R̃k;q :=
nR

å
l= 0

Rlwl
k;q; (3.4)

and where evaluatingZact at theqth frequency point associated with thekth experiment

yields

Zact(k) ( jwk;q) := � (M0 + Dk) w2
k;q + K + jCwk;q: (3.5)

The constraintM0 > I in (3.3) is imposed rather than the typicalM0 > 0 because,
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in the latter case, all of the free parameters may be scaled bya nonzero constant so

as to make the cost arbitrarily small without actually changing the model frequency

response. Also,HoutR has been replaced bỹR. This complex valued function models

any additional dynamics using a low order polynomial function of frequency with

coef�cients inC2� 2. In fact,R̃can be viewed as the combination of the �rst few terms

of the Taylor series expansion of the frequency response function of Hout including

the non-collocation effects. Finally,s denotes the largest singular value. Thus (3.3)

is a multi-input/multi-output extension of the �rst iteration of the Sanathanan-Koerner

frequency domain model �tting algorithm [22]. Note that (3.3) can be restated as

following eigenvalue problem

min: g

subject to: Jqk > 0; q = 1; : : : ;m;k = 0; : : : ;np

M0 > I ; (M0 + Dk) > 0; C > 0; K > 0

D0 = 0;Rl 2 C2� 2; l = 0; : : : ;nR

; (3.6)

where

Jqk :=

2

6
4

gI
�
R̃q � F k;qZact(k)( jwq)

� �

R̃q � F k;qZact(k)( jwq) gI

3

7
5 :

This problem is solved using Matlab's LMI toolbox [23].

3.2.2 Veri�cation of the Model

As in Fig. 3.3, experimental data are generated by driving each actuator with a chirp

sequence whose 5 Hz bandwidth encompasses the fundamental Coriolis modes of the

Macro DRG. The input-output sequences are processed to yield 2� 2 empirical fre-

quency response data on a grid of frequencies with 0.1 Hz resolution giving �fty-one
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frequency response points in each plot. The model (3.2) is applied to two mass pertur-

bation cases in addition to the nominal case in which no mass perturbation is present.

The �rst mass perturbation case places four magnets on outerring of the Macro DRG,

as shown in the left-hand illustration of Fig. 3.5, and is represented by theD1 mass

matrix perturbation. The four-fold symmetry of the mode shape guarantees that this

perturbation will have the same effect as adding the four masses to only one of these

four positions. The second mass perturbation case places four magnets on the outer

ring of the DRG, as shown in the right-hand illustration of Fig. 3.5, and is represented

by theD2 perturbation. The empirical frequency responses for theseperturbed cases

along with the case in which no magnets are added are shown in Figs. 3.6 and 3.7.

Since the sensor is a two-input/two-output plant, the four magnitude plots are shown

in Fig. 3.6 and the four phase plots are shown in Fig. 3.7 (the individual channels are

denotedS1=D1, S2=D1, etc.). It is clear that the mass perturbations cause a shiftin the

modal frequencies and alter the split between these frequencies. The model parameter

setf M0;D1;D2;C;K;R0;R1g is determined from (3.6). The model frequency responses

are given by(R0 + jwR1)
�
� (M0 + Dk) w2 + K + jCw

� � 1
, k = 0,1,2, and are plotted

as the solid traces in Figs. 3.6 and 3.7. Note, the order ofR̃, nR, is set to 1 for this and

future models. The model �t is almost indistinguishable from the empirical data—the

largest deviation is only 5%. We also plot the absolute errorbetween the data and

model,

s̄
�
F k;q � R̃k;qZ� 1

act( jwk;q)
�

; k = 0;1;2:

These plots give direct assessment of the modeling error as function of frequency and

are shown in Fig. 3.8. The absolute error is approximately 25dB smaller than the

frequency response magnitude across the band of interest thereby con�rming a good
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D D1 2

Figure 3.5:Left: Orientation ofD1 perturbation.Right: Orientation ofD2 perturba-
tion. Masses are added at four points in each case to achieve the most even possible
mass loading. These are the perturbations corresponding to`� ' and '} ' in Figs. 3.6
and 3.7.

model �t.

Since this model guides the mass addition/removal process with the objective of

driving the two modal frequencies together, its predictivepower is of great importance

and is tested in two ways. In the �rst test, two magnets are added to each of the four

points on the resonator corresponding to the positions shown in the left-hand illustra-

tion in Fig. 3.5 (total of eight magnets). This perturbationdoubles the magnitude of

the mass perturbation corresponding toD1 so we compare the empirical data with the

frequency response of the model

(R0 + jwR1)
�
� (M0 + 2D1)w2 + K + jwC

� � 1
:

The comparison is made in Fig. 3.9. The model predicts the empirical frequency re-

sponse data extremely well.

The second test case involves placing a single magnet at eachof the eight points

on the resonator corresponding to the locations shown in both illustrations in Fig. 3.5.

This perturbation should correspond to modifying the nominal mass matrix by the sum
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Figure 3.6: The two-input/two-output empirical and model frequency response mag-
nitudes used to test the model �tting algorithm. The empirical data for the test with
no perturbation is represented by `� ' and the data resulting from theD1 andD2 pertur-
bations (shown in Fig. 3.5) are represented by `� ' and }̀ ' respectively. The model
�ts given by (R0 + jwR1) ( � (M0 + Dk)w2 + K + jwC) � 1 of the three data sets are the
solid traces. Thus, the change in the frequency response dueto the addition of magnets
is successfully modeled as a change to only the mass matrix.
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Figure 3.8: The absolute error between the empirical frequency response data and the
identi�ed model. The black trace gives the data for the nominal case, while the dotted
trace gives the errors for the two perturbed cases.

of D1 andD2. Thus we compare the frequency response data against the model

(R0 + jwR1)
�
� (M0 + D1 + D2)w2 + K + jwC

� � 1
:

Again, the set of plots in Fig. 3.10 shows very good agreementbetween the model pre-

diction and the empirical frequency response data. This veri�es the predictive power

of the model �tting technique.

30



1635
10

-4

10
-3

10
-2

10
-1

M
ag

ni
tu

de
 (

V
/V

) 
 

S1/D1

1635 1636 1637 1638 1639 1640

 

 

 

 

 

 

10
-4

10 
-3

10
 
-2

10
 -1

S1/D2

1635 1636 1637 1638 1639 1640
Frequency (Hz)

10
-4

10
-3

10
-2

10
-1

M
ag

ni
tu

de
 (

V
/V

) 
 

S2/D1

1635 1636 1637 1638 1639 1640

 

 

 

Frequency (Hz)

 

 

 

10
-4

10 
-3

10
 
-2

10
 -1

S2/D2

1636 1637 1638 1639 1640

Figure 3.9: Empirical frequency response of Macro DRG with double the mass per-
turbation at theD1 perturbation locations (`� ') compared to the frequency response
predicted by the model(R0 + jwR1) ( � (M0 + 2D1)w2 + K + jwC) � 1 (solid trace).
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Figure 3.10: Empirical frequency response of Macro DRG withthe mass perturbations
in both theD1 andD2 perturbation locations (`� ') compared to the frequency response
predicted by the model(R0 + jwR1) ( � (M0+ D1 + D2)w2 + K + jwC) � 1 (solid trace).
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CHAPTER 4

Tuning the Modal Frequencies

4.1 Frequency Tuning by Perturbing One Unique Circumferential

Location

Now that the experimental setup and modeling techniques areidenti�ed, potential pro-

cesses for driving the modal frequencies of the Macro DRG together and reaching a

`tuned' state are developed. It is clear from Fig. 3.6 that the angular location of a

mass perturbation affects the resulting frequency split. As discussed in the previous

chapter, frequency tuning can be achieved for a simple ring by adding mass to only

one location—the anti-node of the high frequency mode (Fig.1.5) [6]. In many ways,

this is the simplest solution to the general frequency tuning problem and in this section

this methodology is tested, as applied to the Macro DRG, using several different tech-

niques. The lessons learned from this exercise motivate thedevelopment of a tuning

process that is better suited for axisymmetric vibratory gyroscopes. Our �rst step is

the direct measurement of the mode shape of the detuned MacroDRG.

4.1.1 Measuring the Mode Shape

In this experiment, the radial motion of the outer ring is measured by a laser vibrome-

ter. One of the electromagnets is used to excite the Macro DRGat the modal frequency
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corresponding to the higher of the two n=2 Coriolis-coupledmode frequencies. The

previous testing setup is placed on a rotational stage whilethe laser vibrometer is

placed in a �xed position (Fig. 4.1). Vibration measurements are taken every 2 de-

grees on a 90 degree arc. The resulting mode shape is shown as the right-hand plot of

Fig. 4.1, with the peak displacement occurring at 77 degrees. It is important to note

that the mode shape follows a sine wave fairly well, but not perfectly, making it dif�-

cult to utilize a sine wave model to precisely predict the location of the anti-node of the

high frequency mode. This experiment essentially replicates the procedure for identi-

fying a mass tuning location suggested for simple rings and provides some interesting

information, but does not satisfy the stated goal of using only the �xed electromagnetic

drivers and capacitive sensors to guide the tuning.

4.1.2 Testing Frequency Tuning Near the Anti-node

The �rst tuning attempt places multiple magnets at 76 degrees from theD1 axes and

subsequently measures the resulting frequency responses.The resonant frequencies

from these responses are calculated by taking the square roots of l M;K andl M;K, the

larger and smaller generalized eigenvalues, respectively, of the identi�ed mass and

stiffness matrices. The split between these frequencies isplotted in the right-hand

graph of Fig. 4.2. As the �rst several magnets are added, the split decreases. Before an

adequately small split is reached, however, further addition of magnets increases the

split. This practice was repeated at 72, 74, 78 and 80 degreesfrom theD1 axes and

the data are plotted on the left-hand side of Fig. 4.2. Thoughthe plots are faceted due

to the discrete amount of mass added with each magnet, it still appears from Fig. 4.2

that the best tuning location is approximately 77 degrees from theD1 axes. It should
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Figure 4.1:Left: Illustration of the testing setup used to determine the radial de�ec-
tion of the outermost ring of the Macro DRG resonator. The driving electromagnet and
the resonator are �xed on the rotational stage so that the de�ection can be measured
at 2 degree increments.Right: Plot of the radial de�ection as a function of angular
position. The dots represent the experimental data, while the dotted line is a sine wave
�t. The large deviations from the sine wave are most likely caused by the additional
stiffness provided by the spokes. One proposed tuning method involves adding mass
directly to the resonator at the location corresponding to the anti-node of the experi-
mental data. This is the method that has been used in the past to tune other ring shaped
devices.
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be noted, however, that misplacing magnets by only 3 degreesincreases the minimum

achieved split from about 0.15 Hz to 0.4 Hz. This behavior closely follows the mass

perturbation model derived by Fox et al. for a simple ring andis simple to explain [6].

To wit, when mass is placed directly at the anti-node of the high frequency mode,

the frequency split is reduced, and the anti-node remains inthe same location until

the split is eliminated. If more mass is added after the splitreaches zero, the locale

where mass is added becomes the new low frequency anti-node and the split begins

to increase. If the initial magnet is misplaced, however, the high frequency anti-node

shifts away from the locale of the added magnet. Though at �rst the split decreases,

the split begins to increase when the added magnet is closer to the low frequency anti-

node than it is to the high frequency anti-node. Thus, as the error in the location choice

increases, the frequency split increases with fewer added magnets, thereby increasing

the minimum achievable split when attempting to tune by adding mass to one unique

angular location.

The solid trace on the right-hand side of Fig. 4.2 is an attempt to simulate the

minimum achievable split if mass could be added continuously when tuning 76 degrees

from theD1 axes. TheDassociated with the �rst four magnets added was found using

a model �t to the empirical frequency response data of the case with no magnets added

and the case with four magnets added at 76 degrees. Next, the split was predicted

using the frequencies derived froml M0+ a
4 D;K and l M0+ a

4 D;K, wherea is the number

magnets added. The plot demonstrates that the model �tting process proves helpful

in determining the minimal split associated with a particular mass perturbation. This

realization inspires the proposed tuning method describedin the following section.

Finally, the diagonal channels of the frequency responses measured between steps
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Figure 4.2:Left: The �ve traces represent �ve experimental attempts to tune the Macro
DRG by placing magnets at only one angular location, using locations of 72, 74, 76,
78 and 80 degrees. Data was taken when 0, 4, 6, 7, 8, 9 and 10 magnets were added
for each case. The frequency splits are determined from the models that are �t to
the individual experimentally determined frequency responses. In each case the split
is at �rst reduced but at some point further addition of mass increases the split. It
appears that the smallest split would be achieved near a location of 77 degrees. It
is interesting to note that if the placement is as little as 3 degrees away from this
location, the minimum split increases to nearly 0.4 Hz.Right: The data taken when
tuning is attempted at 76 degrees is replicated as `� ' in this plot. The solid line �t is
done by �tting the empirical data from the �rst two points to asetf M0;D;C;K;R0;R1g
and usingl M0+ a

4 D;K andl M0+ a
4 D;K to determine the split for any number of magnets

(wherea is the number of masses added). This is a good test of the predictive relevance
of the model, but also shows how much the minimum achievable split is increased by
using a quantized amount of mass.

of the test at 74 degrees are shown in Fig. 4.3. Though the frequency split decreases,

and at one point the two modes are nearly decoupled, the two modes are never practi-

cally tuned.

4.1.3 D as a Function of Angular Position on the Outer Ring

The functionD(f ) is de�ned as the relationship betweenD, the mass matrix pertur-

bation associated with one magnet placed upon the outermostring, andf , the angular

37



1635 1636 1637 1638 1639 1640
10

-4

10
 -3

10
 -2

Frequency (Hz)

M
ag

ni
tu

de
 (V

/V
)

0 magnets added

1635 1636 1637 1638 1639 1640
10

-4

10
 -3

10
 -2

Frequency (Hz)

M
ag

ni
tu

de
 (V

/V
)

2 magnets added

1635 1636 1637 1638 1639 1640
10

 -4

10
 -3

10
 -2

Frequency (Hz)

M
ag

ni
tu

de
 (V

/V
)

4 magnets added

1635 1636 1637 1638 1639 1640
10

 -4

10
 -3

10
 -2

Frequency (Hz)

M
ag

ni
tu

de
 (V

/V
)

5 magnets added

1635 1636 1637 1638 1639 1640
10

-4

10
 -3

10
 -2

Frequency (Hz)

M
ag

ni
tu

de
 (V

/V
)

6 magnets added

1635 1636 1637 1638 1639 1640
10

 -4

10
 -3

10
 -2

Frequency (Hz)

M
ag

ni
tu

de
 (V

/V
)

7 magnets added

1635 1636 1637 1638 1639 1640
10

 -4

10
 -3

10
 -2

Frequency (Hz)

M
ag

ni
tu

de
 (V

/V
)

8 magnets added

1635 1636 1637 1638 1639 1640
10

 -4

10
 -3

10
 -2

Frequency (Hz)

M
ag

ni
tu

de
 (V

/V
)

9 magnets added

S1/D1

S2/D2

Figure 4.3: Each plot shows the two diagonal channels when magnets are added near
the anti-nodal axes of the high frequency mode. Though the frequency split is signi�-
cantly reduced, the �nal split is still still too large for signi�cant performance enhance-
ment.
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position of that additional magnet. Once the functionD(f ) is known, an angle,̃f , and

an “intensity”,a , representing the number of magnets to be added, can be foundsuch

that l M0+ a D( f̃ );K = l M0+ a D( f̃ );K, implying that the frequency split is eliminated. An

experiment is performed to �ndD(f ) for values off in one 90 degree arc.1 Eight

separate perturbations were conducted with magnets spacedin 11.25 degree steps (a

total of nine MIMO frequency response data sets) and then themodel parameter set

f M0;D1; : : : ;D8;C;K;R0;R1g was identi�ed. Plots of the upper diagonal, lower diag-

onal and off diagonal terms of eachDk, k = 1;2; : : : ;8, are shown in Fig. 4.4. Linear

interpolation can be used to approximateD for any f . When f̃ = 75.4 degrees and

a = 8:4 magnets,l M0+ a D( f̃ );K = l M0+ a D( f̃ );K so the modes are tuned according to

the model. According to Fig. 4.2, though, the minimal split would be about 0:2 Hz if

tuning were attempted at only this location. Unfortunately, it is not practical to use the

experimental relationship of Fig. 4.4 on a different Macro DRG. Any small difference

in the drive and sense gap distances or in the internal stiffness and damping changes

D(f ) signi�cantly enough to reduce its predictive value. Thus, to use this approach,

this entire experiment would have to be repeated for every new device, requiring ex-

cessive, and likely unnecessary, perturbations.

4.1.4 The Eigenvectors ofM and K

The next method analyzed uses the generalized eigenvector associated withl M;K, de-

�ned asvM;K, to identify the location of the high-frequency anti-node.The eigenvector

1It can be shown that adding the same mass at 90, or 180, degree angles relative to the current
position produces the same mass matrix perturbation for themodes of interest. Thus, the experimental
results for the �rst 90 degree arc can be extrapolated to represent perturbations to any angular location
on the structure.
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Figure 4.4:Left: Mass matrix perturbation,D, as a function of the counter-clockwise
angle from theD1 axes,f , found by �tting the model to nine empirical frequency re-
sponse data sets. The upper diagonal term is denoted by `} ', the lower diagonal by
`� ', and the off diagonal term by `� '. Right: Illustration of the eight placements of
the magnet in the tests. When the experiment is repeated withdifferent gap widths
for the actuators and sensors, and different initial magnetdistributions, the functional
relationship varied only slightly. The absolute magnitudes are not important because
the model parameter set is scaled by theM0 > I constraint in (3.6). The relative mag-
nitudes, however, are, at the very least, interesting. The solid black magnet in the right
hand picture illustrates the perturbation that corresponds to the data points that are
solid black in the left-hand plot.
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is a state of the system that, if allowed to propagate unforced and undamped, will re-

main in a state that is a scalar multiple of the eigenvector. When this state is multiplied

by M it is in the coordinate system of the electromagnetic actuators (refer to (3.1)).

Thereforev1 andv2, de�ned here as
2

6
4

v1

v2

3

7
5 = MvM;K;

are scalar multiples of the radial velocities of the ring at the locations of the two ac-

tuators,D1 andD2 respectively, when the ring vibrates with the mode shape of the

high frequency n=2 mode. In order to use this information to estimate the mode shape,

the amplitude of the radial motion,w, is approximated byw(f ) = Wcos(2(f � Y ))

whereW is the maximum amplitude of the displacement andf is the angular location

as measured from theD1 axes (Fig. 4.5). This is an approximation of the true shape

given in Fig. 4.1. The amplitude of motion at the �rst and second actuators would be

Wcos(2Y) andWsin(2Y) respectively. ThusY H, the angular location of anti-node of

the high frequency mode, can be approximated by

Y H = 1
2 tan� 1

�
v2

v1

�
: (4.1)

In the case of the unperturbed Macro DRG,Y � 75 degrees.

Using (4.1) to �nd the anti-nodes is particularly attractive because it does not re-

quire any experimentation besides the initial frequency response test to approximate

the location of the anti-nodes. It appears to be slightly less accurate than the estimate

found by directly usingD and would result in a minimal split of approximately 0.3

Hz if tuning were attempted at only this predicted location.This method can be im-

proved if one abandons the notion of using only one angular location for tuning, as
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Figure 4.5: Illustration of the assumed mode shape of the ring using
w(f ) = Wcos(2(f � Y )) , whereY indicates the location of the anti-nodes of the
mode shape, andw is the radial displacement of the mode shape as a function of the
anglef . This notation will be used to approximate the mode shape of the n=2 Cori-
olis-coupled modes of the Macro DRG.

in the following section. In this improvement, after each magnet is added and a new

empirical frequency response is performed, a new model parameter set is found with

a new anti-node location. This new location is the target forthe next added magnet.

Essentially, the effect of the estimate error is negated by “chasing” the location of the

high frequency anti-node around the resonator.

4.2 Tuning by Exact Placement with Iteration

If one attempts to tune the sensor by simply adding all the magnets at once to the

anti-nodal axes of the high frequency mode, a small error in positioning can have a

large effect on the �nal modal split. It seems necessary to actively “follow” the high

frequency mode as mass is added. The following step by step algorithm does exactly

this.

1. Measure the 2� 2 frequency response of the nominal untuned structure. Use the
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Iteration # Frequency Split
(Hz)

Measured ª
(degrees)

Location of added magnets
(degrees from x axis)

# of magnets added

0 1.54 77.9 78 2
1 1.22 76.5 77 2
2 0.8 75.6 75 2
3 0.5 72.7 73 2
4 0.17 63.8 64 1
5 0.1 33.5 33 1
6 0.1 72 NA 0

Total Number of Magnets 10

Table 4.1: Sample execution of iteration algorithm.

modeling algorithm to �nd the modelf M;K;C;R̃g.

2. UseM andK to �nd Y H . Place a magnetY H from D1 axis .

3. Repeat 1 & 2 until the frequency split is suitably small.

The results of this algorithm are presented in Table 4.1 and Figs. 4.7 and 4.8. The

resulting frequency split of 0:1 Hz is adequate given that a discrete number of magnets

are used. Notice that frequency appears to move in the same direction with the �rst

few magnets. This suggests that there is some bias to our approximation ofY H . This

is most likely caused by the fact that the mode shape is not thesame as that of a ring,

which will add to the error in the approximation ofY H .

This method proves successful, but lacks elegance and wouldbe dif�cult to put

into practice on the SiDRG. A more elegant method is presented in the next section

in which the anti-node is essentially “trapped” between twospokes on which tuning

masses are added.
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Figure 4.6: The sensor tuned using the iterative exact placement algorithm. Each
black circle represents one magnet. Magnets are placed on the estimated location
of the anti-node of the high frequency mode. Note that magnetplacement is only
dependent on its the counter-clockwise angle from axes of the D1 coordinate system.
Thus magnets can be added in a somewhat balanced manner, as shown.

4.3 Frequency Tuning Using Mass Perturbations at the Spokes

When the tuning problem is generalized to allow two tuning locations the solution is

much more robust to errors in magnet placement. By choosing mass loading locations

on either side of the anti-node of the high frequency mode, the anti-nodal orientation is,

in a sense, trapped. For a MEM structure such as the SiDRG, it is easiest to add mass

at the spokes of the resonator (visible in Fig. 3.1 as the structures that join adjacent

rings and form a radial pattern) that are closest to the anti-node. In this scenario the

perturbed mass matrix is given by

M(a1;a2) = M0 + a1D1 + a2D2; (4.2)

whereD1 andD2 correspond to the mass matrix perturbations associated with the ad-

dition of mass to the two tuning spokes. The number of magnetsadded to the two
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Figure 4.7: Each plot shows the two diagonal channels overlayed when the iteration
algorithm is employed. The �nal frequency split in this caseis reduced to less than the
0.1Hz resolution of the frequency response.
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Figure 4.8: Left: Plot of the frequency split between the high and low frequency
modes as masses are added in Fig. 4.7. The split steadily decreases in a linear fashion.
Right: Plot of Y H (using the generalized eigenvectors ofM andK). The axes ap-
pear to turn clockwise, meaning that the masses are consistently being placed slightly
counterclockwise from the axes. This is probably caused by the fact that the mode
shape for this structure is more complex than a single harmonic (as in a ring) giving
the approximation ofY H some bias.

spokes for tuning,a1 anda2, can be calculated by solving the generalized eigenvalue

problem

min: l 1 � l 2

subject to: l i > 0; i = 1;2

l 1M(a1;a2) � K > 0

l 2M(a1;a2) � K < 0:

(4.3)

This optimization simultaneously forcesl 1 andl 2 to become the largest and smallest

generalized eigenvalues ofM andK and variesa1 anda2 to minimizel 1 � l 2. If the

spokes are chosen correctly, the �nal cost will be zero and the resultinga1 and a2

will create degenerate modal frequencies. Again this optimization was solved using

Malab's LMI toolbox.

The tuning algorithm can be outlined in a three step process.First, a model is �t
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to the data for the unperturbed Macro DRG (represented by `� ' in Fig. 4.10), andY H

is approximated as 79 degrees using (4.1). The approximation implies that the anti-

node of the high frequency mode falls between the two spokes labeled 4 and 1 in the

left-hand illustration of Fig. 4.9. Thus, these spokes are chosen as the targets for mass

placement. The second step acts as a calibration step for themass matrix perturbations

D1 andD2. Two magnets are added to spoke 4 to represent theD1 perturbation and

an empirical frequency response is measured. Then, two magnets are added to spoke

1 and a third frequency response is measured. Using the threefrequency response

sets, the model parametersf M0;D1;D2;C;K;R0;R1g are identi�ed. Figure 4.10 shows

the three empirical frequency response sets measured during the �rst two steps. As

expected, with each added magnet the resonant frequencies and their relative split are

reduced. In the third step the number of magnets that need to be added to each spoke,

a1 anda2, are calculated from (4.3).

This optimization is solved witha1 = 7:2 anda2 = 3:2, rendering the system

with M as in (4.2) degenerate. We can only add quantized amounts of mass onto the

rings, so 3 masses are added to spoke 1, and 7 to spoke 4, as shown in the right-

hand illustration of Fig. 4.9. The �nal empirical frequencyresponse is acquired and is

shown in Fig. 4.11. Note that the response in the off diagonalchannels are signi�cantly

reduced, which is a positive indication of a nearly degenerate resonator. After model

identi�cation is performed on this last data set, the split is found to be only 0.08 Hz,

and for all practical purposes the sensor is tuned.

The algorithm was then applied to an array of initial mass distributions. For these

tests, a larger magnet (diameter 3.2 mm) is placed on the outside surface of the out-

ermost ring at positionsf 0;15; : : : ;75g degrees from theD1 axes for the initial ar-
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Figure 4.9:Left: Illustration of the identi�ed spokes for mass loading for the example
in the text. The gray axes represent the approximated anti-nodal axes of the unper-
turbed Macro DRG. The small white circles represent where the two magnets may be
placed to calibrate the spoke 1, and the two black circles represent where two more
may be added to calibrate spoke 4.Right: The �nal orientation of the magnets that
successfully tunes the Macro DRG so that the anti-nodal axesare “trapped” between
the tuning spokes. The calibrations in the previous steps are used to choose this orien-
tation.

48



1635
10

-4

10
-3

10
-2

10
-1

M
ag

ni
tu

de
 (

V
/V

) 
 

S1/D1

1635 1636 1637 1638 1639 1640

 

 

 

 

 

 

10
-4

10 
-3

10
 
-2

10
 -1 S1/D2

1635 1636 1637 1638 1639 1640
Frequency (Hz)

10
-4

10
-3

10
-2

10
-1

M
ag

ni
tu

de
 (

V
/V

) 
 

S2/D1

1635 1636 1637 1638 1639 1640

 

 

 

Frequency (Hz)

 

 

 

10
-4

10 
-3

10
 
-2

10
 -1 S2/D2

1636 1637 1638 1639 1640

Figure 4.10: Frequency responses from steps 1 and 2 of the spokes tuning algorithm
with their corresponding �t. The symbol `� ' represents the empirical response from the
unperturbed case, `� ' represents the response when magnets are added only to spoke
4, and }̀ ' represents when magnets are added to spoke 4 and spoke 1. Thesolid
traces represent the frequency responses of the model that was �t to the three data sets.
The model associated with this �t is used to determine the number of magnets that are
needed on each spoke to achieve a tuned state. The frequency response after the tuning
magnets are added can be seen in Fig. 4.11.
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Figure 4.11: The empirical frequency response of the unperturbed resonator is again
represented by `� ', and exhibits a split of 1:52 Hz. Using the model of the data in
Fig. 4.10, weightings of 3.2 magnets on spoke 1 and 7.2 magnets on spoke 4 are pre-
dicted to give a tuned state. `� ' represents the empirical frequency response when 3
magnets are on spoke 1 and 7 magnets are on spoke 4. The solid line corresponding to
this data is thepredictedresponse using the model. The �nal split is 0.08 Hz.
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rangement. The results are shown in Table 1 and plotted in Figure 4.12. The spoke

#0s referred to in the table correspond to those in Fig. 4.9. The number of magnets

placed on each spoke after the �rst three steps, including those used for calibration,

are shown in the �fth and sixth columns2 while the seventh column displays the result-

ing frequency split after these magnets are added. In each case the split is signi�cantly

reduced at this point, but in some cases an additional magneton one spoke could fur-

ther reduce the split. Ideally the correct amount of mass could be placed at the new

location of the anti-node of the high frequency mode to completely eliminate the split.

We are, however, constrained to placement of mass only at thespokes, and can only

add quantized amounts of mass. Thus, as a �nal �ne tuning step, we add one additional

magnet to the spoke closest to the new anti-node of the high frequency node if the split

is larger than some threshold. The threshold is a function the amount a single magnet

reduces the split, which, in the case of the Macro DRG, is at most 0:20 Hz. Utilizing

what was learned from the experiment described in Fig 4.2, a magnet that is added

when the split is smaller than 0:10 Hz is guaranteed to increase the split. Thus 0:10 Hz

is chosen as this threshold.

The last two columns of Table 1 display the spoke on which the additional magnet

is placed as well as the �nal frequency split. In all but one case the �nal frequency split

2Unlike the example in the previous paragraph, only one magnet is used to calibrate each spoke for
each case. This reduces the possibility of placing more magnets than necessary on a spoke. In the case
displayed on the �fth row, however, the approximated position of the anti-node of the high frequency
mode was close enough to spoke 1 that the optimization code called for nine magnets on spoke 1 and
zero on spoke 2 total. Since one magnet had already been placed on spoke 2, an additional magnet was
placed on spoke 4, which cancelled out the effect of the calibration while still treating the perturbations
as `irreversible'. Thus the distribution of magnets after the �rst three steps is nine magnets on spoke 1,
one on spoke 2 and one on spoke 4.
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Large Magnet   Initial First Second Perturbation  for Perturbation for  Frequency Final Tuning Final
Placement Frequency Spoke Spoke first spoke second spoke Split Spoke Frequency
(degrees) split (Hz) (spoke  #) (spoke  #) (# of magnets) (# of magnets) (Hz) (spoke  #) Split (Hz)

none 1.52 4 1 7 3 0.08 na 0.08

0 1.64 2 1 6 5 0.12 2 0.08

15 0.81 1 2 4 2 0.10 4 0.08

30 1.26 1 4 6 1 0.10 1 0.1

45 1.78 1 2 9 0 0.12 4 0.12

60 2.24 1 2 11 5 0.13 4 0.08

75 2.17 1 2 8 8 0.03 na 0.03

Table 4.2: Tuning results using the spokes algorithm with various initial mass distri-

butions.

is below the threshold.3 The largest tuning mass perturbation was seventeen magnets

total. This altered the mass of the Macro DRG resonator by 0.07% tuning a 0.14%

frequency split.

4.4 Theoretical Tuning with a Continuous Distribution

One process that would be possible with the SiDRG that is not possible on the Marco

DRG is the use of a continuous perturbation. In a way, this would combine the two

algorithms. Using theD's at the spokes we could �nd an optimal continuous perturba-

tion intensity. With this algorithm, the total amount of mass taken off at any point in

the ring could be minimized and a more “even” perturbation would be achieved. The

3In this one case the position of the anti-node of the high frequency mode after the �rst three steps
was far enough away from the �ne tuning spoke that the additional magnet did not reduce the split.
A more complex threshold could easily derived for cases likethis, but have been ignored here for
simplicity.
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Figure 4.12: Frequency split and location of the high frequency mode's nodal axes
when the Macro DRG is tuned with the spokes and no additional large mass perturba-
tion is performed. The horizontal lines on the right hand plot indicate the positions of
spoke # 4 and # 1.

optimization problem described would be:

min: b

subject to: b > a i ;a i > 0; i = 1;2; : : : ;N

å N
i= 1a i < = Nmass

l lowM < K; l highM > K

l high > 0; l low > 0

l high � l low < e

f i = p i
2N

; (4.4)

wherea i are the coef�cients of̄D(f i), andM = M0 + å N
i= 1a iD̄(f i) and the parameters

e andN can be adjusted for better tuning or a �ner grid. The restraint, å N
i= 1a i < =

Nmass, is used to limit the total amount of mass perturbed. Figure 4.13 shows a test

of this optimization by interpolatingD(f ) from Fig. 4.4. The “density” of the ideal

perturbation (mass/angle) is plotted against angle for different mass restrictions. In the

point mass case, 9.69 magnets are placed atY H . Thus we started simulating “sweep
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tuning” with 9.7 magnets and found that the sensor could be tuned with a 5 degree

sweep. As the amount of mass allowed is increased, so does theangle of the optimal

arc. With no restriction, the sensor can be tuned with 14.84 magnets distributed evenly

across 45 degrees. Table 4.3 shows the numerical results of the tests. The fourth

column of the table (frequency drift) shows the difference between the tuned frequency

and the untuned frequency of the lower frequency mode. As expected, the more mass,

the larger the “drift.” Thus by using the sweep method there is an inherent trade off

between the amount of mass perturbation that one is willing to make and the amount

of drift allowed. From the table, it appears that the 11 magnet case offers both a small

perturbation and a small “drift.”

One unexpected result is that the distributions are not symmetric aboutY H . This

property results from the complex nature ofD̄(f ) and proves to make any “hands-free”

algorithm more dif�cult. For now, it is necessary to make many separate perturbation

experiments to �nely determinēD(f ) before being able to run the optimization above.

Presumably, once an analytical expression forD(f ) is obtained, the optimization could

be done after only two or three experiments, as was achieved in the other two algo-

rithms.

4.5 Tuning Conclusions

A mass matrix perturbation approach for tuning two modes to degeneracy in an ax-

isymmetric resonator has been developed and experimentally veri�ed on a large scale

replica of a disk resonator gyro. The approach essentially identi�es the perturbations

to the nominal resonator mass matrix created by the addition(or removal) of a quan-
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Nmass (# of magnets)
Angle of sweep 

(degrees)
Mass density 

(magnets/degree)
Frequency shift of low 
frequncy mode (Hz)

9.7 5 1.87 1.24
10 10 0.89 1.31
11 25 0.44 1.53
12 32 0.37 1.74
13 38 0.34 1.94
14 41 0.33 2.14

14.84 45 0.33 2.31

Table 4.3: Simulated data for for the “sweep” algorithm.
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Figure 4.13: The mass perturbation distribution for tuningthe sensor while minimizing
the maximum perturbation at any one local and constraining the total perturbation.
Clearly, as more mass is allowed, the angle of the sweep is widened and the maximum
mass distribution is reduced. This also has the side effect,however, of the reducing the
�nal tuned frequency.
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tized amount of mass at several judiciously chosen locations on the resonator. The

mass matrix perturbations are then used to estimate the total mass addition required at

each location to render degenerate the modal frequencies ofthe two modes of interest.

In practice, however, it is only necessary to reduce the frequency split to a prescribed

level. For vibratory gyroscopes, the modal frequency splitis directly related to the

signal-to-noise ratio (SNR) of the angular rate signal, with larger splits reducing the

SNR. A rule of thumb for these sensors is that the modal frequency split must be less

than the bandwidth of each mode in order to maximize the SNR. In the present study

the bandwidths of each mode are approximately 0.12 Hz so the stopping criteria of

a 0.1 Hz split is justi�ed. Since the allowable frequency split is reduced in propor-

tion to the reduction in bandwidth of the modes, requirements can be developed for

any proposed mass deposition/removal scheme. The quantized nature of the mass per-

turbation in the present study limits the change in frequency split to about 0.2 Hz per

mass quanta, which is again compatible with the stopping criteria derived from the res-

onator bandwidth. One can anticipate signi�cant engineering challenges in developing

the fabrication machinery for mass addition/removal on resonators with high quality

factors.

A promising direction to which the model �tting tools can be applied is the problem

of isolating selected resonator modes from linear acceleration of the resonator “stem.”

This problem is motivated by vibratory gyroscope applications in which the modes that

are exploited for angular rate detection are, ideally, not coupled to linear acceleration of

the sensor case. Coupling is always present in physical devices and produces spurious

angular rate measurements when the sensor is subjected to vibration. It is desirable

to reduce the coupling to linear acceleration and this is accomplished in Part II by the
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judicious removal or addition of mass at certain points on the resonator.
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Part II

Linear Acceleration Decoupling of the

Macro DRG
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CHAPTER 5

Experiment and Model for the Identi�cation of Linear

Acceleration Coupling Parameters

5.1 Experiment Modi�cation

The Macro DRG experimental setup described in Chapter 5 is modi�ed to allow its

base to move somewhat freely in-plane, as seen in Fig. 5.1. The resonator is attached

at its center to a half inch diameter aluminum post 7.5 inchesbelow the location at

which it is clamped.

Sensing of base motion is achieved through two accelerometers that are screwed

into a nylon sheath near the post's attachment to the resonator. The nylon electrically

isolates the accelerometers from the DRG voltage bias. The accelerometer signals are

integrated so that they are proportional to the base velocity. The A1 accelerometer

is placed so that its sense axis is parallel with the sensing axis of S1, and theA2 ac-

celerometer is placed so that its sense axis is 90 degrees counter-clockwise fromA1's.

Whereas the capacitative sensors and electromagnetic actuators operate in the same

manner as Part I, their orientation has changed. Each drive signal is fed to opposing

paired electromagnetic actuators so that the net force doneon the entire resonator is

minimized. The second pair of actuators is placed 45 degreesfrom the �rst so that

they present “orthogonal” excitations with respect to the n=2 Coriolis-coupled modes.
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Figure 5.1:Left: The experimental setup of the Macro DRG, rigged to measure linear
acceleration coupling. The resonator hangs from the �exible post so in-plane move-
ment of the base can be picked up by the attached accelerometers. On the right hand
side of the resonator, near one of theD2 actuators, two stacks of 3 small NdFeB mag-
nets can be seen.Top Right: A view from underneath the resonator con�rms that the
resonator is actually suspended above the overall base.Bottom Right: A diagram of
the experimental setup for the Macro DRG.

Finally, a pick-off is placed 90 degrees from each electromagnetic so that the two

pick-offs are 45 degrees apart (in a likewise “orthogonal” arrangement).

The block diagram for open loop system identi�cation for thelinear acceleration

to sensor mode transfer function is shown in Fig. 5.2. The eight channels of the Macro

DRG frequency response are shown in Fig. 5.3. A 10 second chirp signal in a neigh-

borhood of the n=2 Coriolis-coupled modes is used to drive the actuators, giving the

frequency response a 0:1 Hz resolution. In the left two quadrants, theS1, S2, A1 and

A2 responses are shown when the chirp signal is applied toD1 while D2 = 0. The right

channels show the responses when the chirp is applied toD2 while D1 = 0.
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Figure 5.2: Block diagram of the testing setup designed to identify linear acceleration
coupling parameters.

5.2 Empirical Estimation of The Coupling Matrix

The linear acceleration coupling model assumes that the vibration of the resonator

couples to the velocity of the post by a constant matrixB, i.e.
2

6
4

v1

v2

3

7
5 = B

2

6
4

s1

s2

3

7
5 ; B = B0 +

N

å
i= 1

DB(mi ; f i); B;B0;DB(mi ; f i) 2 R2� 2; (5.1)

wheres1 ands2 are the radial velocities of resonator atS1 andS2 while v1 andv2 are

the velocities of the structure atA1 andA2. The coupling matrix,B, can be represented

by the sum of the coupling matrix for the unperturbed resonator, B0, and the changes

in the coupling matrix for each particular mass perturbation, DB(mi; f i). The bar over

the coupling matrix denotes that it is constant with respectto frequency.1 The radial

velocities can be thought of as a measurement of the “velocity” states of the Coriolis

modes and, becauseB is a real matrix,v1 andv2 are simply linear combinations of

these states.

The experimental setup enables the measurement of a complexvalued 2� 2 transfer

1This model was chosen using the model derived for a ring in equation (5.9) of Section 5.3.2 as a
guide. The signalss1 ands2 here act as measurements for the cos(2Y) and sin(2Y) terms of (5.9).
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Figure 5.3: The 2� 2 frequency responses of accelerometer velocity measurements
(dotted lines,v1 andv2) and capacitative sense measurements (solid lines,s1 ands2)
with a chirp input from each driver.

function,B(w) (Figure 5.4). This so-called coupling transfer function, is de�ned as

B(w) = Hv(w)H � 1
s (w) (5.2)

where

Hs(w) =

2

6
4

s1
d1

(w) s1
d2

(w)

s2
d1

(w) s2
d2

(w)

3

7
5 andHv(w) =

2

6
4

v1
d1

(w) v1
d2

(w)

v2
d1

(w) v2
d2

(w)

3

7
5 :

The real and imaginary parts of a sample measurement ofB(w) are shown in Fig. 5.5.

Ideally B(w) would be real and constant with respect to frequency in a neighborhood

of the Coriolis-coupled modes. In this experiment, however, the small imaginary part
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Figure 5.4: Block diagram for identi�cation of the couplingmatrix,B(w), from mea-
sured responsesHv andHs.

and the small slope can largely be attributed to the dynamicsof the post. These dynam-

ics are linear with respect to frequency in the narrow frequency range encompassing

the Coriolis-coupled modes, but change as mass perturbations are made to the struc-

ture. Because it is dif�cult to compensate for the effect of the post, each of the four

components of the real, 2� 2 coupling matrix,B, are approximated by averaging the

corresponding real parts ofB(w) at the frequencies of the two Coriolis-coupled modes,

i.e.

B =
1
2

(B(w1) + B(w2)) (5.3)

wherew1 andw2 are the two frequencies of the n=2 Coriolis-coupled modes.

5.3 A Model for Mass Perturbation Effects on the Coupling Ma-

trix

5.3.1 Empirically Derivation of the Model

An experiment is conducted to measureDB(m; f ), the change in the linear acceleration

coupling matrixB of the Macro DRG for a single mass perturbation. All perturbations

are constrained to the ring with the second largest radius. It is possible to quantify

the effects of mass perturbations performed on different rings but is not necessary for
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this discussion. The �rst part of the experiment tests the linearity of theDB function

with respect tom. A measurement ofB was taken each time an additional magnet was

added to the spoke 11.25 degrees counter-clockwise from theposition of thex axis and

the difference between the measured perturbed coupling matrix and the unperturbed

one, denotedB0 in (5.1), was computed. The experiment was repeated 5 times in order

to assess the repeatability of the results. The mean and standard deviation of the results

are shown in Fig. 5.6 and have a relatively small deviation. Aleast squares linear �t

closely �ts the data shown in the �gure, con�rming thatDB is adequately linear with

respect tom. In the second part of the experiment, the mass perturbation, m, consists

of 6 small magnets whereas the angular location,f , is varied. The matrixB is then

measured separately when the perturbation is made to each ofthe 16 spokes as well as

the 16 midpoints between the spokes. The difference betweeneach measured coupling

matrix,B, and the unperturbed one,B0, are shown in Figure 5.7. The experiment was
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Figure 5.6: An experiment that tests the linearity ofDB with respect tom. Five separate
tests are done in which the value ofB is measured as magnets are added to the �rst
spoke. Magnets are attached in two stacks so that the �nal test with 12 magnets is
performed with two stacks of six magnets. The average of the four channels ofDB are
plotted as the dots whereas the error bars give the standard deviation of the tests. The
solid line is a least squares �t to the averaged data. The assumption thatDB is linear
appears to be appropriate.

repeated 5 times and the plots show the mean and standard deviation of the results and

con�rm that the results are highly repeatable. Each solid line in the four channels in

Fig. 5.7 is a �t using the discrete Fourier transform (DFT) that is performed on each

averaged sequence. The formula for the DFT for this case is

X(k)
i j =

31

å
l= 0

DB
AVE
i j (6; f l+ 1)e� 2p i

32 kn k = 0; : : : ;31 for i; j = 1;2: (5.4)
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Figure 5.7: The four components of the perturbation matrix,DB, as found in the angu-
lar placement test. In this case the coupling matrix,B, was measured as a 6 magnet test
mass is placed at each of the spokes as well as the midpoints inbetween the spokes.
The perturbation matrix is taken as the difference between the coupling matrix of the
perturbed resonator and the coupling matrix associated with the unperturbed resonator.
The test was repeated 5 times and the error bars represent thestandard deviation of the
data. The dotted trace is given by the �rst and third harmonicapproximation, (5.5),
whereas the solid trace utilizes the 16 harmonics as calculated using the DFT, (5.4).

The superscript(k) on X(k)
i j denotes that it is thekth component of the vectorXi j and

the superscript AVE aboveDB denotes that it is the averaged value for that value of

f l+ 1. This DFT factors the original functions into a weighted sumof harmonics. The

magnitudes of the �rst sixteen harmonics are shown in Fig. 5.8. Using onlyX(1)
i j and
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X(3)
i j (i; j = 1;2), the linear acceleration perturbation function can be approximated as

DB(m; f ) �
m
24

2

6
4

2:77cos(f + 0:78� )+ 1:05cos(3f + 5:51� ) 2:69sin(f + 0:88� )+ 1:02sin(3f + 6:62� )

� 2:81sin(f + 7:17� )+ 1:16sin(3f + 5:76� ) 2:68cos(f + 9:98� )� 1:08cos(3f � 1:93� )

3

7
5

(5.5)

wherem is the number of magnets added. This function is plotted as the gray dotted

traces in Fig. 5.7.

5.3.2 Comparison to the Derived Ring Model

The analysis Zhbanov et al., which addresses hemisphericalresonators, suggests that

linear acceleration coupling can be eliminated by balancing only the �rst and third

harmonics of the angular mass distribution. The same analytical technique can be

applied to a ring to reach the same conclusion, as follows. First, the center of mass is
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expressed in itsx andy components, denotedCx andCy respectively. Next these are

decomposed into static and dynamic parts such that

Cx = Cx0 + C0
x

sinwt

2
�
mring + å N

i= 1mi
� andCy = Cy0 + C0

y
sinwt

2
�
mring + å N

i= 1mi
� (5.6)

wherew is the frequency of vibration,mring is the total mass of the symmetric part of

the ring andN is the number of discrete masses,mi , which cause the deviation from

symmetry.2 By applying the mode shape of the n=2 Coriolis-coupled mode,(2.4), the

dynamic parts of the center of mass position can be written as

C0
x = cos(2y ) å N

i= 1mi [3cosf i + cos3f i ] + sin(2y ) å N
i= 1mi [3sinf i + sin3f i ]

C0
y = cos(2y ) å N

i= 1mi [� 3sinf i + sin3f i] + sin(2y ) å N
i= 1mi [3cosf i � cos3f i]

(5.7)

wherey is the angle between the modal axes and thex axis and theN total masses

have angular positionsf i , as illustrated in Fig. 5.9. One can express this relationship

using a coupling matrix for a ring,Bring, that has the same form as (5.1):

2

6
4

C0
x

C0
y

3

7
5 = Bring

2

6
4

cos(2Y)

sin(2Y)

3

7
5 (5.8)

where

Bring =

2

6
4

å i mi [3cosf i + cos3f i ] å i mi [3sinf i + sin3f i]

å i mi [� 3sinf i + sin3f i] å i mi [3cosf i � cos3f i ]

3

7
5 : (5.9)

This equation reveals that, in theory, linear accelerationcoupling is only caused by

mass distributions with non-zero �rst and third harmonics.Next, the change inBring

2The denominators of (5.6) are factored out of the dynamic parts because the total deviation from
symmetry,å mi , is much smaller than the total mass of the resonator, meaning that that the denominators
are effectively constant.

68



x axis

x direction

y direction

m i

Cy

Cx

Anti-nodal
axis

©
©

Ái

ª

Figure 5.9: Basic diagram for ring linear acceleration coupling analysis. The dotted
shape represents a possible mode shape for the ring, with antinodal axis an angleY
from thex axis. The position of the single attached mass,mi , oscillates with the ring,
thereby causing the center of mass, shown here as `� ', to oscillate as well.

for a single mass perturbation is de�ned as

DBring(m; f ) = m

2

6
4

3cosf + cos3f 3sinf + sin3f

� 3sinf + sin3f 3cosf � cos3f

3

7
5 : (5.10)

This result can be compared directly to the experimental model given in (5.5). The

perturbation relationships are very similar in that both are linear with respect tomand

are dominated by the �rst and third harmonics off .
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CHAPTER 6

Two Decoupling Methods

6.1 Decoupling Using the Experimental Perturbation Function

The model derived in the previous chapter is ultimately validated by its usefuleness in

driving each of the elements ofB to zero. Thus, the decoupling problem is stated as

�nding the combonation ofN masses,mi , placed at positionsf i, such that

B+
N

å
i= 1

DB(mi; f i) =

2

6
4

0 0

0 0

3

7
5 : (6.1)

The decoupling method discussed in this section, dubbed the“spokes method,” re-

stricts angular locations for perturbations to the locations of the spokes. The spokes

are logical locations for adding mass because the perturbation results from the previ-

ous section were measured at the spokes. The spokes are also obvious targets on the

SiDRG. Assuming thatDB(m; f ) is linear inm, one only needs to choose 4 locations,

F = f f 1; f 2; f 3; f 4g, so that a solutionm =
�

m1 m2 m3 m4

� T

exists toA(F )m = b

where

A(F ) =

2

6
6
6
6
6
6
6
6
4

DB11(1; f 1) DB11(1; f 2) DB11(1; f 3) DB11(1; f 4)

DB12(1; f 1) DB12(1; f 2) DB12(1; f 3) DB12(1; f 4)

DB21(1; f 1) DB21(1; f 2) DB21(1; f 3) DB21(1; f 4)

DB22(1; f 1) DB22(1; f 2) DB22(1; f 3) DB22(1; f 4)

3

7
7
7
7
7
7
7
7
5

, b =

2

6
6
6
6
6
6
6
6
4

� B11

� B12

� B21

� B22:

3

7
7
7
7
7
7
7
7
5

:

(6.2)
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A solution can be chosen from the many possible ones by the minimization

min
f 1;f 2;f 3;f 4

4

å
i= 1

mi

subject to:A(F )m = b

det(A) 6= 0

f i 2 f spokes; mi � 0; i = 1;2;3;4

(6.3)

in which themi � 0 constraint is in place because mass cannot be removed in this

scenario. The cost function is chosen so that the sum of the magnitudes of the per-

turbations is minimized.1 Note thatDB used here is simply the averageDB found in

the angular perturbation experiment at the spoke locations. With only 1820 possible

sets,f f 1; f 2; f 3; f 4g, it is not computationally dif�cult to perform this minimization by

evaluating the cost function for each set.

The unperturbed coupling matrix found using the data in Fig.5.5 is used to start the

process which can be followed in the Table 6.1. The magnets are added to the locations,

f i , with number of magnets,mi , as given by optimization (6.3).2 A new value of the

coupling matrix is found and the process is repeated until the optimization suggests

that each valuem is less than 0:5. The linear acceleration coupling is assessed by

computing theH2 norm of the forcer/accelerometer transfer function in a neighborhood

of the n=2 modes. This is discussed in more detail in the next section.

1One could also construct a cost function which would attemptto minimize the �nal coupling caused
by the use of quantized amounts of mass. Indeed, if the perturbation function showed no deviation, such
a process would eliminate the left over decoupling caused byquantization error.

2When following the optimization, the choice was made to simply round the optimized results to the
nearest integral value.
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Added number of mangets
 (m/s/mV) Angular Locations (degrees) number of magnets

First Step 192.9 7.0, 13.3, 5.3, 4.4 7, 13, 5, 4
Iteration 1 67.2 3.3, 1.0, 0.9, 3.0 3, 1, 1, 3
Iteration 2 8.1 0.1, 0.4, 0.1, 0.4 0, 0, 0, 0

Total magnets added
37

Optimization Solution

191.25, 213.75, 258.75, 281.25
33.75, 146.25, 168.75, 281.25
11.25, 123.78, 236.25, 348.75

for next perturbation
kHv k2

Table 6.1: Linear acceleration decoupling using the spokesmethod.

6.1.1 Quantifying Coupling Reduction

The exact and approximated values of theH2 norm ofHv in the frequency band[ f1; f2]

are given by

kHvk2
2 =

Z f2

f1
tr(H �

v ( f ) Hv( f ))d f �
N

å
k= 0

tr
�
H �

v
�

f1 + kDf
�

Hv
�

f1 + kDf
��

Df

where tr() gives the trace of a matrix andH �
v is the conjugate transpose ofHv. The

H2 norm is important because it facilitates the calculation ofthe system's response

to a white noise input. More speci�cally, when a band-limited white-noise input of

intensityg Vp
Hz

is fed to the system the output intensity is given bygkHvk2. The ap-

proximated value ofkHvk2 is tracked throughout the linear acceleration decoupling

process, usingf1 = 1620 Hz, f2 = 1660Hz, N = 400, andDf = 0:1 Hz. The �nal

valuekH2k2 is less than 5% of the nominal value, con�rming that there is asigni�-

cant reduction in coupling. The value of tr(H �
v Hv) is plotted at each frequency point

before and after decoupling in Figure 6.1. The reduction in coupling is also qualita-

tively con�rmed in Figure 6.2, which displays the accelerometer outputs before and

after decoupling with uncorrelated band-limited white-noise inputs to the electromag-

netic forcers. Figure 6.3 displays the corresponding powerspectrums before and after

decoupling, averaged over 20 such tests.
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Figure 6.1: A plot of tr(H �
v Hv) before and after the two decoupling methods were

implemented. Each of the methods exhibit over a 95% reduction in theH2 norm of the
forcers-to-accelerometer transfer functions. For reference, the transfer functionHv is
the solid trace plotted in Fig. 5.3.

73



0 2 4 6 8 10
-0.04

-0.02

0

0.02

0.04

0 2 4 6 8 10
-0.04

-0.02

0

0.02

0.04

Accelerometer 1

Accelerometer 2

Time (seconds)

(m/s)

(m/s)

Velocity

Velocity

Figure 6.2: Uncorrelated band limited white-noise inputs with 50 mV/
p

Hz spectral
density are applied to the two electromagnetic drivers in a band encompassing the
modes of interest. The input noise power is the same in both cases. The velocities of
the post are measured before (gray) and after (black) decoupling is performed using
the spokes method.

74



1500 1550 1600 1650 1700 1750 1800
10

-12

10
-10

10
-8

10
-6

10
-4

10
-2

Frequency (Hz)

m=s
Hz

1500 1550 1600 1650 1700 1750 1800
Frequency (Hz)

Accelerometer 2Accelerometer 1

(       )2

10
-12

10
-10

10
-8

10
-6

10
-4

10
-2
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band-limited noise inputs with a 50 mV/

p
Hz spectral density before (gray) and after

(black) decoupling is performed using the spokes method.

Since linear acceleration coupling causes energy to be transferred from the Coriolis-

coupled modes to the lightly damped post, it can also reduce the quality factors of the

modes of resonator. These quality factors can be extracted in a ring down test by excit-

ing a single mode and then observing the decay rates after theexcitation is removed.

Figure 6.4 displays the �ltered peak amplitude of the outputduring ring down tests

performed before and after decoupling. The quality factor of the low frequency mode

increases from 6.8K to about 7.8K after decoupling while thequality factor of the high

frequency mode increases from 7.9K to about 8.0K.
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frequency mode shows a marked increase in its quality factor.
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6.2 Decoupling Without a Measured Perturbation Function

The linear acceleration decoupling process discussed in the previous section works

very well for the resonator under test and demonstrates the feasibility of reducing lin-

ear acceleration coupling through mass perturbations. This section presents a more

generalized and more robust method. The �rst improvement removes the need for a

previously measured perturbation function. This considerably increases the appeal of

the method because, when other resonators are fabricated, the perturbation functions

will likely be different. The “spokes” method, which, as implemented in the previous

section, requires that 16 irreversible perturbations be made to the resonator in order to

derive its perturbation function clearly involves more testing than necessary. In con-

trast, the method discussed in this section, dubbed the “general method,” approximates

the �rst and third harmonics of the perturbation function with as few perturbations as

possible and then updates the perturbation function as moredata is gathered. The sec-

ond improvement over the previous method removes the constraint that perturbations

only be made to the spokes. By allowing perturbations to takeplace at any angular

location, fewer perturbations are needed and the process can be used on devices that

do not have strongly preferred perturbation locations.

6.2.1 Online Approximation of the Perturbation Function

For the general method, the perturbation function uses onlythe �rst and third harmon-

ics so that each component can be expressed as

DB(mi ; f i) i j = mi

�
x(1)

i j cosf + x(2)
i j sinf + x(3)

i j cos3f + x(4)
i j sin3f

�
(6.4)
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where eachxi j is a vector of the weightings on the cosine and sine terms of the �rst

and third harmonics. WithN � 4 calibration measurements ofDB, the perturbation

function can be estimated by �nding the least squares solution of
2

6
6
6
6
6
6
6
6
4

m1cos(f 1) m1sin(f 1) m1cos(3f 1) m1sin(3f 1)

m2cos(f 2) m2sin(f 2) m2cos(3f 2) m2sin(3f 2)
...

...
...

...

mN cos(f N) mN sin(f N) mN cos(3f N) mN sin(3f N)

3

7
7
7
7
7
7
7
7
5

xi j =

2

6
6
6
6
6
6
6
6
4

DBi j (m1; f 1)

DBi j (m2; f 2)
...

DBi j (mN; f N)

3

7
7
7
7
7
7
7
7
5

(6.5)

for i; j = 1;2. Thus, a notable feature of this method is that perturbations of greater

magnitude have a greater in�uence on the approximation of the perturbation function.

6.2.2 Solution to the General Decoupling Problem

The two harmonic perturbation function is now used to �nd solutions to (6.1) in which

f i 2 [0;2p). The minimization, (6.3), is generalized to

min
f 1;f 2;f 3;f 4

4

å
i= 1

mi

subject to:A(F )m = b

det(A) 6= 0

f i 2 [0;2p); mi � 0; i = 1;2;3;4

(6.6)

in which the spoke restraint has been removed and theA matrix is constructed using

the two harmonic perturbation function calculated using (6.4) and (6.5). Though the

problem is not convex, the steepest descent method appears to converge to the global

minimal solution when the solution to (6.3) is used as an initial condition [25]. The

minimal result is at the edge of the feasible region, meaningthat the difference be-
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tween two of the optimal angular locations is arbitrarily small (causingA to be nearly

singular) and/or one of the optimal mass magnitudes is arbitrarily close to zero. Thus,

at least one of the masses is redundant and the solution actually requires only two or

three point masses. A comparison to solutions found in the literature are mentioned in

Section 6.2.5 and discussed in detail in the Appendix.

6.2.3 Choice of Initial Perturbation Locations

At the beginning of the general decoupling method, four calibration perturbations must

be made that allow an initial estimate of the perturbation function. These perturbations

should be done in a way that allows a balanced estimate of the perturbation function

while not adding additional coupling to the system.

In order to ensure that an equal emphasis is placed on the �rstand third harmonics,

the four test masses of equal magnitude should be spaced using the following relation

f 1 = f 2 � p=4 (modp)

= f 3 � p=2 (modp)

= f 4 � 3p=4 (modp):

(6.7)

Essentially, this restraint forces the locations to be no closer than 45 degrees apart.3

One may choose any four locations that satisfy restraint (6.7), though, it is advan-

tageous to choose locations that also reduce coupling. Though crude, the perturbation

function for an axisymmetric ring generally approximates the perturbation function for

any axisymmetric device. Thus, it is used to guide the �rst step. One chooses locations

3This restraint actually guarantees that the condition number of left hand matrix of (6.5) is 1 when
N = 4 andm1 = m2 = m3 = m4, meaning that an error in any measurement ofDBi j will not dispropor-
tionately corrupt the approximation ofxi j .
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that best reduce the imbalance parameters by solving

min
f 1;f 2;f 3;f 4

bT

2

6
6
6
6
6
6
6
6
4

å 4
i= 13cosf i + cos3f i

å 4
i= 13sinf i + sin3f i

å 4
i= 1 � 3sinf i + sin3f i

å 4
i= 13cosf i � cos3f i

3

7
7
7
7
7
7
7
7
5

subject to:f i 2 f spokesandf i satis�es (6.7) for i = 1;2;3;4:

(6.8)

Thef i 2 f spokesrestraint is added here to simplify the minimization. Unlike optimiza-

tions (6.3) and (6.6), which theoretically determine the locations and magnitudes of

perturbations that eliminate coupling, optimization (6.8) theoretically determines the

locations that will cause the greatest reduction in coupling for set perturbation magni-

tudes.

6.2.4 Implementation of the General Decoupling Method

Now the previously developed solutions are used to guide thegeneral decoupling

method. The steps to this method can be followed in Table 6.2.For this implemen-

tation of the general decoupling method, two magnets were used at each of the four

Added number of mangets

Calibration 1
195.9

56.25, 101.25, 146.25, 191.25 NA 2, 2, 2, 2
Calibration 2

163.3
234.45, 299.16 19.96, 14.59 4, 4

Calibration 3
140.5

336.93, 96.92, 216.9 6.7, 0.43, 28.90 6, 0, 6
Calibration 4

44.5
187.0, 260.35 12.5, 12.0 8, 8

First Attempt
11.9

165.8, 234.2 3.47, 4.09 3, 4
Second Attempt

10.6
58.9, 179.9, 299.9 0.541, 0.8371, 0.33 0, 1, 0

End

192.9

50.41, 312.2 0.54, 0.31 0, 0
Total magnets added

52

Angular Locations (degrees) number of magnets

Optimization Solution
for next perturbation (m/s/V)

kHv k2

Table 6.2: Linear acceleration decoupling using the general decoupling method
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calibration points in the �rst step, and the change in the coupling matrix is measured

for each calibration mass added. Despite attempting to add the masses in a way that

reduces coupling, it appearskHvk2 increased slightly from the initial value of 192.9

m=s
mV . This demonstrates a potential pitfall of putting too much faith in a prede�ned

perturbation function.

For the next step, two more calibration masses, made up of four magnets each,

are placed at the two locations suggested from optimization(6.6). For cases in which

three masses are suggested, the calibration masses are simply placed at the two points

requiring the most mass. The measurements are used to re-estimatex11;x12;x21; and

x22. The third and fourth calibration steps use 6 and 8 magnets respectively, and the

estimates of the two harmonic perturbation function achieve greater accuracy. A plot

of the estimated perturbation function can be seen in Fig. 6.5. The last two steps use

the re�ned model to guide the placement of the last few magnets. The process is

terminated when all suggested mass perturbations are less than 0.6 magnets.

The tr(H �
v Hv) is plotted versus frequency in Fig. 6.1 so the result can be compared

to the result using the spokes decoupling method. Again, thecoupling is reduced by

a large degree. The general method did, however, require a larger number of magnets

than the spokes method. This can likely be attributed to the use of a less accurate

perturbation function.
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Figure 6.5: A plot of the (1,1) component ofDB(1; f ) as measured during the
calibrations for the example of the general decoupling method. The diameter of
the circles scales with the magnitude of the perturbation used for each calibra-
tion step. The �rst and third harmonic approximation of the perturbation function,�
cosf sinf cos3f sin3f

�
x11 is plotted using the solid line. This approximation

is used to guide the �nal two decoupling steps. The dotted line is the �rst and third har-
monic approximation that was shown in Fig.5.7. Though it does not precisely match
the previous approximation, which utilized more perturbations, the new approximation
is still a useful decoupling tool.
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6.2.5 Comparison To Literature

Problem (6.1) can be reformulated as
2

6
6
6
6
6
6
6
6
4

å N
i= 1mi cos(f i)

å N
i= 1mi sin(f i)

å N
i= 1mi cos(3f i)

å N
i= 1mi sin(3f i)

3

7
7
7
7
7
7
7
7
5

=

2

6
6
6
6
6
6
6
6
4

xT
11

xT
12

xT
21

xT
22

3

7
7
7
7
7
7
7
7
5

� 1

b (6.9)

by combining (6.1) and (6.4). Methods for solving this form of the problem are given

by Fox et al. and Zhbanov et al. [24, 10]. Fox's method �nds twomass solutions

when they exist, and these solutions agree with the end result of optimization (6.6) in

these cases. When the solution requires three masses, however, Fox's method does not

give a solution. For example, if the right hand side of (6.9) equates to
�

0 0 1 0

� T

,

then three masses are required for decoupling. Zhbanov's method is complete and

simple, but requires four masses, and generally requires more mass than the solution

to optimization (6.6). The results to optimization (6.6) can be expressed in a well

posed manner that is clearly shown in the Appendix, along with other results.

6.3 Conclusions

A method for identifying the four parameters that characterize the coupling of Coriolis-

coupled modes to linear acceleration on an axisymmetric resonator has been developed

and experimentally veri�ed on a large scale replica of a diskresonator gyro. Once

these parameters are found the approach essentially identi�es the perturbations to the

nominal resonator's coupling matrix created by the addition (or removal) of a quan-

tized amount of mass at several judiciously chosen locations on the resonator. New
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methods have been developed that then guide successive iterations of mass addition

(or removal) that successfully remove a large amount of the device's inherent coupling

and increase the resonators'Q.

Unfortunately, the method that was used to measure the coupling in the last two

chapters would be dif�cult to perform on a micro scale device. A dual experiment, in

which the base is excited and the resulting motion of the resonators' rings are mea-

sured, is more apt. This dual experiment is implemented on the Macro DRG in the

next chapter.
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CHAPTER 7

Linear Acceleration Decoupling Using the Dual

Experimental Setup

7.1 Introduction

In Chapter 6, linear acceleration decoupling was achieved by �nding associated param-

eters from measured frequency response data. The required frequency responses used

electromagnets at the exterior of the ring to drive the modesof interest and measured

coupling by observing the acceleration of the central post.This method was chosen

because, in the case of the Macro DRG, this con�guration was actually the easiest one

to accomplish. In MEMs devices this type of test is dif�cult because the base is not

allowed to vibrate freely. A complimentary way to measure the linear acceleration

coupling is to shake the case and measure the response. This approach is dual to the

test con�guration described in Chapter 5. Indeed, the main reason there is concern

about linear acceleration coupling is that, by allowing base movement to disturb the

modes used for rate detection, spurious rate signals are produced.

In this chapter, the coupling is viewed by forcing the post ofthe Macro DRG and

using the capacitive sensors to measure the movement of the outermost ring. The force

is exerted using two electromagnetic shakers that are screwed into a plastic sheath near

the base of the post. Again, the measured frequency responseis used to determine
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Experimental Setup for Shaker 1 (Sh1) Experimental Setup for Shaker 2 (Sh2)

S1

S2

D1

D2

A1

D2

D1A2post

Sh2 Sh1

S1S1

Sh1
Sh2

Overhead Diagram of setup

Figure 7.1: A modi�cation has been made to the experimental setup of the Macro
DRG. An additional plastic sheath is attached above the accelerometers so that elec-
tromagnetic shakers can be attached. Only the shaker that isbeing used is attached so
that its force is exerted through the center of mass of the system.

coupling parameters and the coupling parameters are observed to change under mass

perturbations. The relationship is shown to closely resemble the measured coupling

parameters using the original setup, and then it is used to implement decoupling.

7.2 Modi�cations to Experiment

The Macro DRG that was used in the previous decoupling experiment is modi�ed to

permit controlled shaking of the central post. Two electromagnetic shakers are screwed

into a hard plastic sheath that tightly surrounds the post. The two shakers are placed

90 degrees apart in an orthogonal arrangement. An operational ampli�er is used to

amplify input current to each of the shakers to accommodate the relatively low current

rating of the DSP. The four electromagnetic forcers and two capacitive sensors remain

at the same locations.

A block diagram for the new portion of the experiment is shownin Figure 7.2. The
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DAC
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_
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DRG Bias 
Voltage

Shaker
Macro
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ADC v i

Anti-Aliasing  
Filter

_
+ ADC si

1M

x400
Sensing 
Pick-off

Amplifier
Electronics

Di

Si

1/s

integrator

Excitation 
Sequence 

(sh i )

Figure 7.2: Block diagram for the testing setup.

signal �ows in much the same way as the electromagnetic forcer, except no voltage

bias is required for the shakers. In order to generate multi-input/multi-output trans-

fer functions, a 10 second chirp signal is �rst sent tosh1 while sh2 is set to ground

and the second shaker is actually removed.1 Then, the second shaker is attached and

the chirp signal is applied tosh2 while sh1 is set to ground and the �rst shaker is re-

moved. The wideband transfer functions to the capacitive sensors and the screwed

in accelerometers is shown in Fig. 7.4 whereas the narrowband transfer functions are

shown in Fig. 7.5. The two Coriolis-coupled modes exhibit signi�cant coupling to the

post motion. The shaker-to-accelerometer transfer functions exhibit a small notch due

to a “vibration absorber” effect of the Coriolis modes when coupling is present.

The accelerometer-to-capacitative sense transfer function gives the best notion of

1If the second shaker remains, the �rst shaker is no longer directed at the center of mass of the
system. Thus a torque is imposed on the system which effects the results.
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Figure 7.3: A block diagram of the transfer functions involved in the dual experimental
setup.
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Figure 7.4: The (1,1) channel of the wideband frequency responses from electromag-
netic shakers to the capacitative sensors and accelerometers.
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Shaker-to-Sense Transfer Functions

Shaker-To-Accelerometer Transfer Functions
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Figure 7.5:Top Group: The four channels of a narrow band of the measured electro-
magnetic shaker-to-capacitative sense transfer function. At this scale a clear coupling
can be seen from post forcing to the Coriolis-coupled modes.Bottom Group: The
four channels of a narrow band of the measured electromagnetic shaker-to-accelerom-
eter velocity transfer function. In this region of the response, the dynamics of the post
are relatively constant except for a “vibration absorber” effect caused by the coupling
of the Coriolis modes to linear acceleration.
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Figure 7.6: The four channels of the accelerometer-to-sense transfer function,HvD(w),
found using (7.1). This transfer function is used to approximate a coupling matrix in
Section 7.3.

coupling. This can be calculated by

HvD(w) =

2

6
4

s1
v1

(w) s1
v2

(w)

s2
v1

(w) s2
v2

(w)

3

7
5 =

2

6
4

s1
sh1

(w) s1
sh2

(w)

s2
sh1

(w) s2
sh2

(w)

3

7
5

2

6
4

v1
sh1

(w) v1
sh2

(w)

v2
sh1

(w) v2
sh2

(w)

3

7
5

� 1

(7.1)

and is plotted in Figure 7.6.

7.3 Measurement of the Dual Coupling Matrix

As in Chapter 5, the linear acceleration coupling model for the dual case assumes the

modes couple to the velocity of the post by a real, 2� 2 matrix,B
D

, that is constant
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with respect to frequency, i.e.
2

6
4

s1

s2

3

7
5 = B

D

2

6
4

v1

v2

3

7
5 ; B

D
2 R2� 2 (7.2)

wheres1 ands2 are the radial velocities of resonator atS1 andS2 while v1 andv2 are

the velocities of the structure atA1 andA2. The superscriptD is used to represent that

this is the dual experiment. Thus, if the dynamics of the system in a frequency band

encompassing the frequencies of the modes of interest were exclusively an effect of

those modes, a coupling transfer function,BD(w), could be found directly from the

“ideal” transfer functions re�ecting these dynamics, i.e.

BD(w) = ( H ideal
s ) � 1(w)H ideal

vD (w)

where

H ideal
s =

2

6
4

s1
d1

ideal s1
d2

ideal

s2
d1

ideal s2
d2

ideal:

3

7
5

WhenBD is measured using the raw functionsHv andHs, as is shown in Figure 7.7,

it cannot be approximated well using a constant matrix. Unfortunately, the measured

transfer functions,Hs andHvD, both include signi�cant feedthrough terms so that in

reality Hs = H ideal
s + Fs andHvD = H ideal

vD + FvD whereFs andFvD are the feedthrough

terms toHs andHvD respectively. This complicates any approximation ofBD. WhileFs

appears to be simple ramping due to capacitative coupling,FvD appears to be caused by

more complex structural dynamics that actually change as mass perturbations are per-

formed on the resonator. Thus, it is dif�cult to compensate directly for the feedthrough.

The following subsection, though, describes how to accurately calculateBD(w) with-

out requiring an accurate approximation of the feedthrough.
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7.3.1 A General Feedthrough Compensation Scheme

Though the feedthrough can be approximated as linear, the method described here can

be applied to any polynomial feedthrough. For the purposes of this section, the order

of the feedthrough is not pre-de�ned.

The functionLH(w;x ) is de�ned here as the matrix polynomial of degreeN with

LH (w;x ) = H(w) for w 2 x wherex is a set ofN + 1 unique frequencies. A new

transfer function is de�ned that can be calculated for any given transfer function,H:

Ĥ(w;x ) := H(w) � LH(w;x ). One useful property of̂H(w;x ) is

Ĥ(w;x ) = 0 for all w 2 x : (7.3)

An interesting result of this property is that

ˆ(H + F)(w;x ) � H(w)+ F(w) � LH+ F (w;x ) � H(w) � LH(w;x ) � Ĥ(w;x ) (7.4)

if F(w) is a polynomial of degreeN or less. The functionsF(w) � LH+ F (w;x ) and

� LH (w;x ) are equivalent because each are the unique polynomial that equalsH(w)

for w 2 x . Property (7.4) is powerful because it implies thatĤs = Ĥ ideal
s andĤvD =

Ĥ ideal
vD .

ThoughH ideal
s andH ideal

vD remain undetermined, it is possible to calculateBD(w).

The BD(w) transfer function can be found by recalling thatH ideal
vD � BDH ideal

s and

observing

Ĥs(w;x )BD(w) � H ideal
s (w)BD(w) � LHs(w;x )BD(w)

� H ideal
vD (w) � LHs(w;x )BD(w)

� HvD(w) � LHvD(w;x ) � ĤvD(w;x ):

(7.5)
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ThusBD(w) � Ĥs
� 1

(w;x )ĤvD(w;x ), meaning thatBD can be approximated directly

using the experimentally determinedHs andHvD.2

TheLHs(w;x ) andLHvD(w;x ) functions are approximated using a matrix polyno-

mial of order 1 because the feedthrough term appears to be linear. The two de�ning

frequencies inx are chosen 4 Hz above and below the higher and lower Coriolis-

coupled frequencies respectively.3 ThenĤs(w;x ) andĤvD(w;x ) are calculated, an

example of which is shown in Figure 7.8. FinallyBD(w) is calculated and an example

of its real and imaginary parts are plotted in Figure 7.9. As expected, the function looks

largely constant with respect to frequency. The real and imaginary parts have nearly

the same magnitude but opposite signs. The four components of the coupling matrix,

B
D

, are approximated by averaging the corresponding parts ofBD at the frequencies

of the two Coriolis-coupled modes and altering the phase to make the matrix real, i.e.

B
D

=
eip=4

2

�
BD(w1) + BD(w2)

�
(7.6)

wherew1 andw2 are the two frequencies of the n=2 Coriolis-coupled modes.

7.4 Measurement of Perturbation Function

In the same manner as performed in Chapter 5, a perturbation function is derived by

measuring the perturbedB
D

as a single mass perturbation of six magnets is made at

each of the spoke locations. The values ofDB
D

, the difference between the measured

2Again, the reason equivalency (7.5) holds is that there is one unique polynomial that can be added
to HvD(w) to satisfy (7.3) makingBD(w)LHs(w) equivalent toLHvD(w).

3In general, the choice of the frequencies should be made so that they are close enough to the
frequencies of interest to accurately measure the feedthrough in the region, but not so close to those fre-
quencies that the amplitudes ofHs andHvD are severely reduced, making the estimation ofB

D
dif�cult.
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perturbed coupling matrix and the nominal coupling matrix,are plotted as the top set

in Figure 7.10. The perturbation function derived in Chapter 5 is shown as the bottom

set of plots. Clearly, the shapes of the functions are similar. As expected the(1;2)

and (2;1) channels appear to be switched in the dual. The DFT amplitudes of the

dual perturbation function are plotted in the left hand plotof Figure 7.11, with the

previous DFT shown at the right for comparison. Again, the �rst and third harmonics

are dominant. Thus the perturbation function appears to con�rm the hypothesis that

this measurement of coupling is actually the dual. In the next section, the perturbation

function measured here will be used to perform decoupling.

7.5 Decoupling Using the Spokes

The decoupling method that uses only the spokes of the resonator as perturbation lo-

cations is utilized here to reduce decoupling in the system using the dual measurement

of the coupling matrix and the corresponding perturbation function. The process can

be followed in Table 7.1. The only difference in the procedure is that the operator

was allowed to place fewer magnets than the suggested optimum. This is prudent be-

cause the perturbation function is less accurate and largerperturbations may not give

the desired effect. Surprisingly, fewer magnets than were originally suggested by the

optimization were needed to adequately decouple the system. TheH2 norm ofHvD is

calculated and the nominal and �nal values of tr(H �
vDHvD) at each frequency are plotted

in Figure 7.12. The reduction in coupling is dramatic, but itis still not as profound as

seen in Chapter 6.

Finally, the coupling is measured using the setup in the Chapters 5 and 6. The
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Figure 7.11:Left: The discrete Fourier transform of the dual perturbation function.
The four channels are each represented by a different shade of gray. The function, as
expected, is dominated by the �rst and third harmonics.Right: The discrete Fourier
transform of the perturbation function measured in Chapter5. There are more harmon-
ics represented here because measurements were taken at twice as many locations.

Angular Locations (degrees from x axis) # of magnets
Added number of mangets
for next iteration

Nominal 11.58 168.75, 191.25, 213.75, 258.75 1.9, 16.5, 4.5, 10.3 0 ,6, 0, 6
Iteration 1 6.56 191.25, 213.75, 303.75, 326.25 4.7, 10.1, 4.6, 0.6 2, 6, 2, 0
Iteration 2 3.74 191.25, 213.25, 258.75, 303.75 1.6, 3.8, 1.2,2.7 1, 3, 1, 2
Iteration 3 8.94 258.75, 303.75, 326.25, 348.75 0.89, 0.18, 0.12, 0.22 1, 0, 0, 0

End 2.24 78.75, 191.25, 303.75, 326.25 0.13, 0.09, 0.39, 0.18 0,0, 0, 0
Total Magnets added

30

Suggested Placement From Optimization
 (V/V)

kHvD k2

Table 7.1: Linear acceleration decoupling using the spokes.
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transfer functionHv, the transfer function from electromagnetic drive to the post ve-

locity when shakers to the post have been removed, is measured before and after the

decoupling in this chapter is performed. The values of tr(H �
v Hv) before and after de-

coupling are plotted in Figure 7.12. It appears that the measured reductions in coupling

are similar. Again, the dual nature of the two measurements is con�rmed.

7.6 Conclusion

It was shown that a coupling matrix can be measured by exciting the post and measur-

ing the ring motion. A new feedthrough compensation scheme was created to give

more meaningful measurements of the coupling matrix. The coupling matrix was

shown to behave in a dual nature to that of the coupling matrixderived by exciting the

rings and measuring post motion. Finally, a derived perturbation function was used

to successfully reduce the coupling when measured with either methodology. The

methodology used in this chapter is closer to what would be achievable on a typical

MEMS device. The general decoupling method developed in Chapter 6 can easily be

adapted so that this dual measurement may be used to measure the coupling matrix.
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Figure 7.12:Top: A plot of tr(H �
vDHvD) before and after the spokes decoupling method

is performed using the coupling matrix as identi�ed using the dual experiment.Bot-
tom: A plot of tr(H �

v Hv) before and after the spokes decoupling method measured
using the experimental setup described in Chapter 6. The decoupled state, however,
is reached with the dual coupling measurement guiding the decoupling process. Thus,
the methodology presented in this chapter effectively reduces coupling, regardless of
the experiment used to measure it.

101



CHAPTER 8

Simultaneous Linear Acceleration Decoupling and

Frequency Tuning

8.1 Introduction

In the case of the SiDRG, it is likely that mass trimming will be applied both for

tuning and linear acceleration decoupling. If previously described algorithms are used

independently for decoupling and tuning, however, a problem arises. If one were to

perform tuning �rst, and then attempt linear acceleration decoupling, the resonator

would become detuned. Then, perhaps, a tuning step would take place, but this would

nominally effect the coupling. There is no guarantee that a decoupled and tuned state

would ever be reached.

A reasonable solution is to perform decoupling �rst, and then perform tuning by

adding masses in opposing pairs. Though effective, this method does not ef�ciently

suppress the total magnitude of the perturbations required. Also, the detrimental ef-

fects of quantization are effectively doubled.

It is possible, though, to create one ef�cient process that achieves both goals. In this

chapter, the measured frequency split is used to approximate fourth harmonic imbal-

ance parameters. When the fourth harmonic is balanced, the resonator will be tuned.

Thus, the harmonic balancing problem is expanded to includethe �rst, third and fourth
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harmonics. An algorithm similar to the linear accelerationdecoupling methods is then

presented and validated.

8.2 Expansion of Theory

Recall from Part I that the two important parameters involved in tuning were the

frequency split and the location of the high frequency anti-node,Y H . Using equa-

tions (2.1), (2.1), and (2.11), it is clear that the these parameters, in theory, depend

only on the fourth harmonic imbalance. Usingn = 2, equation (2.1) becomes

tan(4Y H) =
å i mi sin(4f i)
å i mi cos(4f i)

: (8.1)

After some manipulation of (2.1) and (8.1), the frequency split has the following ap-

proximate relationship

g �

s

(
n

å
i= 1

mi cos(4f i))2 +(
n

å
i= 1

mi sin(4f i))2 (8.2)

whereg is the frequency split in Hz. The angle that de�nes the locations of the high

frequency mode's anti-nodes,Y H , can be found using the model identi�cation method

presented in Chapter 4. Equations (8.1) and (8.2) can then becombined to �nd

gcos4Y � å i mi cos(4f i)

gsin4Y � å i mi sin(4f i):

Thus, a measurement of the fourth harmonic imbalance is de�ned:

bc4 := gcos4Y

bs4 := gsin4Y:
(8.3)

wherebc4 andbs4 are the harmonic imbalance parameters associated with detuning. In

other words, when the fourth harmonic imbalance parametersare balanced (i.e. equal

to zero), the sensor is tuned.

103



8.3 Experimental Results

In Chapter 5 an experiment was done to observe how the imbalance parameters for

linear acceleration coupling changed as a perturbation wasplaced at different angular

locations on the resonator. These locations included the spokes and the midway points.

The experiment was repeated �ve times. Using the same data sets, the values forbc4

andbs4 are plotted in Figure 8.1. Both the mean and standard deviations are shown.

The solid line is a fourth harmonic sine wave �t. Thus it appears thatbc4 and bs4

are a good estimate of fourth harmonic imbalance parameters. By subtracting the

plotted values from the nominal,Dbc4(f ) andDbs4(f ), the perturbations to the fourth

imbalance harmonic associated with the addition of a singlemagnet, can be calculated

as:

Dbc4(f ) = 0:2cos(4f )

Dbs4(f ) = 0:2sin(4f )

The experiment to con�rm linearity of the fourth imbalance parameter was also

repeated. Frequency responses were measured as magnets were added to a single

spoke and the differences between the calculated harmonic imbalance parameters and

the nominal one are plotted in Figure 8.2.

8.4 Spokes Method

It is now possible to simultaneously attempt to tune and decouple the system. As

in Chapter 6, the spokes will be used. This time six locationsare required to solve

A(F )m = b, with F = f f 1; f 2; f 3; f 4; f 5; f 6g, m =
�

m1 m2 m3 m4 m5 m6

� T

,
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Figure 8.1: The imbalance parameters for the fourth harmonic as estimated during
the perturbation test using (8.3). The mean and standard deviations are plotted for
the values as measured for each perturbation location. The solid trace is the fourth
harmonic �t. The accuracy of the �t suggests that the use of (8.3) to approximate
fourth harmonic imbalance parameters is appropriate.
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harmonic imbalance parameters.

b =
�

� B11 � B12 � B21 � B22 � bc4 � bs4

� T

, and

A(F ) =

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

DB11(f 1) DB11(f 2) DB11(f 3) DB11(f 4) DB11(f 5) DB11(f 6)

DB12(f 1) DB12(f 2) DB12(f 3) DB12(f 4) DB12(f 5) DB12(f 6)

DB21(f 1) DB21(f 2) DB21(f 3) DB21(f 4) DB21(f 5) DB21(f 6)

DB22(f 1) DB22(f 2) DB22(f 3) DB22(f 4) DB22(f 5) DB22(f 6)

Dbc4(f 1) Dbc4(f 2) Dbc4(f 3) Dbc4(f 4) Dbc4(f 5) Dbc4(f 6)

Dbs4(f 1) Dbs4(f 2) Dbs4(f 3) Dbs4(f 4) Dbs4(f 5) Dbs4(f 6)

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

: (8.4)

There may be a question of whether the existence of a positivemass solution is

guaranteed. In order to show this we must explore the concepts of positive linear

algebra. A set of vectors is consideredpositively linearly independentif each vector

cannot be expressed by a sum of positive scalar multiples of the rest of the vectors in

that set. Thepositive spanof that set is the space all vectors that can be made by a sum

of positive scalar multiples of that set. It can be shown thatat leastn+ 1 vectors, and at
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most 2n vectors, are required for thepositive spanto beRn. Thus, apositively linearly

independentset of 2n vectors is guaranteed to spanRn. Of the 16 possible vectors,

(which will have the columns of (8.4)), 12 must bepositively linear independentto

guarantee the existence of a positive mass solution. Indeed, it turns out that any 12

spokes make up apositive linearly independentset. Thus, 16 spokes guarantee at least

one valid set of angles.

The decoupling and tuning process can be followed in Table 8.1. The �rst row

�rst shows the nominal values of theH2 norm of Hv, as described in Chapter 6, and

the split, derived from the model �tting technique used in Chapters 3 and 4. The next

two columns give the output of optimization (8.4). The last column gives the mass

perturbations that were performed for the next iteration. In order to avoid overshoot,

fewer magnets were added each step than were suggested by theoptimization. The

following rows display similar information as several iterations are followed, lowering

the H2 norm, and reducing the inherent split. The �nal values of both the split and

theH2 norm satisfy our performance goals. The plot of tr(H �
v Hv) versus frequency is

shown in Figure 8.3 and the frequency split can be observed inthe overlayed plots of

s1
d1

and s2
d2

in Figure 8.4. Recall thatd1 andd2 refer to the electromagnetic drives at the

exterior of the outermost ring of the resonator.

8.5 Relaxed Decoupling

When the requirement that mass only be placed at the spokes isremoved it is possible

to decouple and tune the resonator using fewer masses. To implement such a process

the DB(1; f ) function must be estimated forf 2 [0;2p) using the DFT, (5.4). The

107



Split before H2 norm Angular Locations Optimization Added number
(Hz) before (degrees from x axis) output of mangets

Nominal 1.44 0.243 168.75, 191.25, 213.75,
236.25, 258.75, 303.75

1.6, 12.1, 5.6,
6.6, 5.2, 3.8

0, 6, 4,

4, 4, 0
Iteration 1 1.07 0.044 168.75, 191.25, 236.25,

258.75, 281.25, 303.75
0.8, 7.1, 3.1,
0.9, 4.7, 0.5

0, 6, 3,
0, 4, 0

Iteration 2 0.28 0.0017 33.75, 56.25, 168.75,
258.75, 281.25, 303.75

0.06, 0.07, 0.79,
0.13, 1.12, 0.93

0, 0, 0,
0, 1, 1

Iteration 3 0.21 0.0009 11.25, 33.75, 123.75,
146.25, 168.75, 281.25

0.44, 0.02, 0.33,
0.18, 1.06, 0.31

0, 0, 0,
0, 1, 0

End 0.14 0.0005 11.25, 123.75, 146.25,
168375, 258.75, 281.25

0.46, 0.25, 0.03,
0.08, 0.04, 0.13

0, 0, 0,
0, 0, 0

Total Magnets added
34

Table 8.1: Simultaneous linear acceleration decoupling and tuning using the spokes.
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Figure 8.3: Plot of tr(H �
v Hv) versus frequency before and after the simultaneous de-

coupling and tuning methods are implemented. Using the datain this plot, one may
calculate theH2 norm ofHv over some frequency. TheH2 norm can be useful in that
it can also be interpreted as the power gain of the system to a random input.
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Figure 8.4: A plot of thes1
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and s2
d2

transfer functions after performing both of the
decoupling methods discussed in this chapter. The resolution of the test is only 0:1 Hz
though a more precise measure of the split is done using the model �tting technique
used in Chapter 3. The split before decoupling was 1:6 Hz but is reduced to 0:14 Hz
and 0:02 Hz after decoupling.

values ofbc4(f ) andbs4(f ) are simply replaced by cos(4f ) and sin(4f ).

The solutions converged easily when this technique was attempted for simple de-

coupling. This time, however, there are fewer valid sets of initial angles to choose from

and the restraint that allmi be greater than 0 causes the radius of convexity to shrink.

Still, when the optimization is implemented, the number of masses in the local minima

is reduced to either 3, 4 or 5 total masses.1

The implemented relaxed decoupling process can be followedin Table 8.2. Again,

the operator uses discretion by placing fewer masses than are suggested by the opti-

mization to minimize potential overshoot caused by error inthe model. The method

appears to be just as succesful as the spokes method at both tuning and decoupling

1It is still questionable, however, whether the solution is truly a global minimum. If the grid of
angles used to choose the initial set to start the steepest descent algorithm is �ne enough, however, the
global minimum can generally be reached.
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Split before Angular Locations Optimization output Added number of mangets
(Hz) (degrees from x axis)

Nominal 1.44 192.9 191, 239, 256, 303 17.2, 11.5, 2.9, 6.1 6, 6, 0, 0
Iteration 1 1.48 119.6 181, 207, 238, 255, 303 4.3, 7.6, 0.4, 5.1, 4.3 0, 4, 0, 4, 2
Iteration 2 1.10 61.5 178, 206, 257, 302 3.0, 404, 1.4, 2.5 2, 3, 1, 2
Iteration 3 0.34 17.9 166, 209, 285, 299 0.9, 1.1, 0.9, 0.4 0, 1, 0, 0
Iteration 4 0.52 14.9 38, 186, 294 0.7, 1.7, 1.0 0, 1, 1
Iteration 5 0.21 9.6 39, 169, 187, 281 0.91, 0.01, 0.93, 0.15 1, 0, 1, 0

End 0.02 8.8 189, 210, 272, 290 0.01, 0.17 ,0.13, 0.19 0, 0, 0, 0
Total Magnets added

35

 (m/s/mV)
kHv k2

Table 8.2: Simultaneous linear acceleration decoupling and tuning using any angular

location.

the resonator. The true test of the methods performed in thischapter is done in next

chapter, in which the Macro DRG is operated as a closed-loop gyroscope.
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CHAPTER 9

Operating the Macro DRG as an Angular Rate Sensor

The best way to demonstrate the success of the tuning and decoupling processes is to

run the structure as closed-loop angular rate sensor. The entire Macro DRG apparatus

has been mounted on a turntable in order to facilitate this demonstration. Lynch ex-

plains how to operate Coriolis vibratory gyros in [14] and the force-rebalance scheme

implemented (Fig. 9.1) is based upon his setup. In this scheme one Coriolis mode is

excited by a control loop to a constant amplitude. This loop is called the drive loop

or automatic gain control (AGC) loop. The sensor/driver pair along the other “axes”

forms the force rebalance-loop which nulli�es any vibration sensed by its pick-off. If

the sensor is tuned and the rotation rate is zero, the signal from this loop will be nearly

zero. As the sensor is rotated, however, the mode along the �rst set of axes rotates, and

the force-rebalance loop is activated. The amplitude of thesignal in this loop is pro-

portional to the rotation rate of the sensor. Thus, this signal is demodulated to recover

the angular rate.

The performance can be analyzed by focusing on the rebalanceloop in Figure 9.2.

The complementary sensitivity function, shown on the left hand side of Figure 9.3

shows the effective gain on the modulated rate. The sensitivity function, shown on

the right hand side, shows how the output noise is shaped by the feedback. When the

resonator is tuned, the sensitivity function's notch is at the demodulation frequency
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Figure 9.1: A schematic of the a basic design that can be implemented for rate sensing.
The drive loop is used to achieve a constant vibration along the drive axes, while the
force-rebalance loop attempts to null the signal from the other set of axes. Band pass
�lter are used to achieve zero phase at the resonant frequency, as well as remove any
unwanted higher frequency terms. Finally the force rebalance signal is modulated
to achieve a rate signal. Note: This implementation uses simple proportional gain
controls. The implementation in the other plots uses an Automatic Gain Control (AGC)
in the drive loop.

and the demodulated rate has minimal output noise.

9.1 The Effect of Detuning on Gyro Performance

A closed-loop implementation is �rst run after a decouplingand tuning procedure

is completed. In the implementation shown,K2 is set to 30, giving a closed-loop

bandwidth of 12 Hz. While running, the DRG is rotated by 30 degrees. By integrating

the area under the curve a measurement of the angle rotated isgiven in Volts. By

dividing this measurement by 30, the scale factor,Ks f, is determined indeg=s
V . After

data collection on the non-rotating sensor, the power spectral density (PSD) of the rate

output is computed (Fig. 9.4). The baseline level of the PSD is determined by the

electronic noise, the scale factor, and the closed-loop bandwidth.

Next, magnets are added to opposite sides of the Macro DRG, sothat it is de-
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Figure 9.2: A block diagram of the closed rebalance loop withnoise that is useful in
understanding the sensitivity function described in Figure 9.3.
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Figure 9.3:Left: The complementary sensitivity function,P K2
1+ P K2

, effectively gives
the gain of the control loop on the modulated rate signal. Forfrequencies outside of
the closed-loop bandwidth, the complementary sensitivityhas a small gain.Right:
The sensitivity function, 1

1+ P K2
, shows the effect of output noise on the measured

modulated rate signal. When the modal frequencies are tuned, notch of the sensitivity
function is at the modulation frequency. Thus, the demodulated rate is more accurate
for lower frequency rate signalsW(t).
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Figure 9.4: The power spectral density (PSD) of the measuredrate signal before and
after the tuning methodology of this dissertation was employed. The tuned case ex-
hibits lower noise within the sensor's bandwidth (12 Hz).

tuned by 1.4 Hz and remains decoupled from linear acceleration. It important that the

anti-nodal axes align with sensor axes so that the drive and rebalance channel exhibit

minimal cross channel coupling. The detuning gives the sensor lower signal-to-noise

ratio because the rebalance transfer function gives much worse noise rejection at the

sensors operating frequency (Fig. 9.3). The closed-loop setup is implemented again

and allowed to run while the gyroscope remains stationary. Then the PSD is plotted

against the tuned case. At its worst point, the noise level isa factor of 10 higher.

9.2 The Effect of Decoupling on Gyro Performance

In a similar experiment, a tuned resonator is run as a gyroscope before and after de-

coupling takes place. The scale factor remains the same in both case, and the resulting

PSD's (shown in Fig. 9.5) are very similar. Next a shaker is attached to the post so
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that band-limited noise can be inserted to the base for both set-ups. When the rate

PSD's are measured in this arrangement, both see an increasein the sensor noise, but

the decoupled sensor sees much lower noise. Thus, in an environment that experiences

vibration, a gyroscope with a resonator that has been both decoupled and tuned has

superior performance.
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APPENDIX A

Theory on the Balancing of Harmonics

A.1 Introduction

The problems of using mass perturbations to achieve frequency tuning and linear ac-

celeration decoupling are, ideally, speci�c cases of the multiple harmonic balancing

problem. The most general formulation of this problem is:

å N
i= 1mi cosn1f i = bcn1; å N

i= 1mi cosn2f i = bcn2; : : : ; å N
i= 1mi cosnT f i = bcnT

å N
i= 1mi sinn1f i = bsn1; å N

i= 1mi sinn2f i = bsn2; : : : ; å N
i= 1mi sinnT f i = bsnT

(A.1)

whereN is the number of added masses,n j is the order of thejth harmonic, andT

is the total number of harmonics that are being balanced. In Chapter 6, convex opti-

mization techniques were succesfully used for the two harmonic problem wheren1 = 1

andn2 = 3. Later, in Chapter 7, similar techniques were used for the three harmonic

problem withn1 = 1, n2 = 3 andn3 = 4. Though succesful, it was not shown that

the results of the techniques were truly optimal with respect to the total perturbation.

The following sections approach the problem from an analytical viewpoint. First, the

solutions generatied by other authors are discussed. An analysis of the optimality of

the single harmonic problem follows. Next, the two harmonicproblem is analyzed in

great detail. The existence of two mass solutions is discussed before the presentation
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of an ideal three mass solution. In the speci�c case ofn1 = 1 andn2 = 3, the solutions

seem to agree with the those found using optimality techniques in the text.

A.2 Previous Mulitmodal Tuning Algorithm

A.2.1 Fox's General Analysis

In the paperMulti-Mode Trimming of Imperfect Ringsby Fox et al. a general solution

plan to (A.1) is laid out [24]. First, angle'sy n j are found such that

å N
i= 1mi sinn j (f i � y n j ) = 0

å N
i= 1mi cosn j (f i � y n j ) = l n j

(A.2)

and l n j =
q

b2
cnj

+ b2
snj

. These equations can be combined for all the harmonics of

interest and combined into two matrix equations:

Am = 0; Bm = c; A;B 2 RN� N; m;c 2 RN� 1 (A.3)

Once the locations,f i, are known the masses,mi , can easily be deduced. We can

eliminate the mass vector from (A.3) using

AB� 1c = 0 (A.4)

Numerical methods can be used to �nd the solutions to this problem. The author's

suggest using the necessary condition that

det(A) = 0 (A.5)

to suggest solutions to the two harmonic problem.
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A.2.2 Speci�c Tuning Scenarios

For single mode trimming, the solution is trivial, withf 1 = y n1. For two mode trim-

ming, trigonometric identities can be used to show that (A.5) is equivalent to

tan( n1+ n2
2 (f 1 + d1)) tan( n2� n1

2 (f 2 + d2)) =
l n2� l n1
l n2+ l n1

tan( n1+ n2
2 (f 2 + d1)) tan( n2� n1

2 (f 1 + d2)) =
l n2� l n1
l n2+ l n1

(A.6)

where

d1 = �
n1l n1 + n2l n2

n1 + n2
and d2 =

n1l n1 � n2l n2

n2 � n1
:

One can �nd the intersection to these paths using numerical methods. The trivial

solution,f 1 = f 2, is not considered as a solution. Presumably, the remainingsolutions

are validated using (A.5). For more than two harmonics, the text suggests directly

solving (A.4) using an iterative grid.

A.2.3 Review

Overall, Fox's result seems correct but incomplete. One �awis that only even num-

bered harmonics are considered, which is an unnecessary requirement for the analysis.

Also there is no discussion of whether or not a solution is guaranteed to exist. In fact,

the paper would imply that a solution is guaranteed though itclear that forn1 = 1,

n2 = 3, l 1 = 0, l 2 = 1, no two mass solution exists. Finally, the technique of using

a necessary, but not a suf�cient condition, to �nd solution to the two mass problem

seems to give some false positives. When comparing the solutions discussed later in

this appendix to those in this section for a particular problem in the text of [24], the left

hand side of (A.4) sometimes becomes very small, but cannot be made to be arbitrarily

close to zero. In a similar manner, stopping criteria for thegrid search method are not
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suggested. It is not clear how one would conclusively distinguish between an actual

zero of (A.4) and a very small local minimum.

A.2.4 The HRG Closed Form Solution

The method outlined inOn The Balancing of A Hemispherical Resonator Gyroby

Zhbanov et al. is closer in spirit to the one that was requiredfor this dissertation [10].

The goal of their technique was to remove linear acceleration coupling and tune the

device by balancing the �rst, third and fourth harmonics. They also required removal

of coupling of the Coriolis-coupled modes to out-of-plane linear acceleration, which

meant that the second harmonic also needed to be balanced.

The solution that was outlined was extremely simple. In essence, each harmonic

imbalance is balanced one at time in a way that does not effectthe balance of pre-

viously balanced harmonics. For example, the �rst harmonicimbalance is calculated

and removed using one mass. Then, the new third harmonic imbalance is calculated

and three equal masses are added 120� apart so that the third harmonic imbalance is

removed while �rst harmonic remains balanced. Next, the second harmonic imbal-

ance imbalance is calculated, and two equal masses are added180� apart to remove

the second harmonic imbalance. Finally, the fourth harmonic imbalance is calculated

and four equal masses are added 90� degrees apart, leaving the �rst four harmonics

balanced.

This method excels in that it is easy to implement and achieves a solution in every

possible scenario. Of the possible solutions, however, it is not very ef�cient in terms

of conserving the amount of mass added of moved. Ten total masses must be added to

different locales, and no care is taken so that one step may reduce the amount added in
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future steps.

A.3 Graphic Proofs for the Single Harmonic Problem

Though the �nal solution is perhaps trivial, the case of balancing the only the �rst

harmonic gives some insight into balancing more than one harmonic. The problem

of balancing a single harmonic can easily be solved by placing a single a mass at the

correct location, but there exist many possible solutions to this problem. Explicitly,

any mass per unit lengthr (f ) that satis�es

R2p
0 r ( f̄ ) cosf̄ df̄ = bc1

R2p
0 r ( f̄ ) sinf̄ df̄ = bs1

(A.7)

is a solution to the single harmonic problem. All solutions,r (f ), involve the same

�rst harmonic component whereas all other harmonics are inconsequential. Thus

r (f ) =
bc1

p
cosf +

bs1

p
sinf + f (f )

is a solution, providedf (f ) has no components in the �rst harmonic, i.e.

Z 2p

0
f ( f̄ ) cosf̄ df̄ =

Z 2p

0
f ( f̄ ) sinf̄ df̄ = 0

It is useful to view the possible solutions graphically. Figure A.1 plots
� Z f f

0
r ( f̄ ) cosf̄ df̄ ;

Z f f

0
r ( f̄ ) cosf̄ df̄

�

with f f in a range from 0 to 2p. The lengths of the paths are
R2p

0 jr ( f̄ )jdf̄ which is

the total mass perturbation made. Thus, the shortest path isthe minimal mass solution.

The �rst solution considered is

r (f ) =

q
b2

c1 + b2
s1

p
+

bc1

p
cosf +

bs1

p
sinf ;
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Figure A.1: An introduction to the graphical representation of the problem of removing
harmonic imbalances. Two possible solutions are shown to the single harmonic prob-
lem with target(bc1;bs1) = ( 0:9;0:6). It is clear that the single point mass solution is
best, since the length of the straight line is the shortest.

which is interesting because it is a simple function with minf 2R r (f ) = 0. The other

function tested is

r (f ) =
q

b2
c1 + b2

s1d(f � atan2(bs1;bc1)) ;

whered is the dirac delta function. This solution is the equivalentof the single point

mass solution. The single mass solution is a straight line and therefore represents a

minimal mass solution. Anyr (f ) that hasr (f ) 6= 0 for somef 6= atan2(bs1;bc1)

will not be a straight line, and thus will not be equivalent tothe single mass solution.

Therefore the single mass solution is the only minimal mass solution.

Another way to approach the problem is to start with the simple 2 mass problem

that follows. Given two anglesf 1 andf 2
2

6
4

cosf 1 cosf 2

sinf 1 sinf 2

3

7
5

2

6
4

m1

m2

3

7
5 =

2

6
4

1

0

3

7
5 (A.8)
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Figure A.2: An alternative view of the simple single harmonic problem where
(bc1;bs1) = ( 1;0). In this case, all valid positive two mass solutions are considered.
The darkest areas represent areas requiring the least mass.The black areas, where ei-
ther f 1 or f 2 is zero, all represent the minimal solution. The arrows of the bottom left
quadrant show the direction of steepest descent. Thus one could imagine employing a
convex optimization algorithm on this space to derive the optimal solution.

the solutions tom1 andm2 are
2

6
4

m1

m2

3

7
5 =

1
sin(f 2 � f 1)

2

6
4

sinf 2 � cosf 2

� sinf 1 cosf 1

3

7
5

2

6
4

1

0

3

7
5 =

1
sin(f 2 � f 1)

2

6
4

sinf 2

� sinf 1

3

7
5 :

In Figure A.2 the values ofm1 + m2 are plotted againstf 1 and f 2. The areas where

eitherm1 or m2 is less than zero are not plotted. The black is used wherem1 + m2 = 1.

As expected this occurs only wheref 1 or f 2 are 0. The problem is effectively semi-

convex in that, if a steepest descent method were used, the stopping point would be the

global minimum. One can easily generalize this to any target

2

6
4

bc1

bs1

3

7
5 and �nd that any

solution set includes an anglef = atan2(bc1;bs1).

One can then prove that the bestN mass solution can be represented as a single
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mass solution though a proof by induction. For every possible k+ 1 mass solution,

f f 1; f 2; : : : ; f k+ 1;m1;m2; : : : ;mk+ 1g, that is considered for a problem, there is a so-

lution f f 1; ˜f 2; f 3; : : : ; f k+ 1;0;m̃2;m3; : : : ;mk+ 1g such thatm̃2 � m1 + m2. This is of

course equivalent to ak mass solution. Thus by induction, a solution with any number

of masses has more mass than a single mass solution.

To generalize to thenth harmonic, angles are constrained to� p
n without loss of

generality. A similar “convex” solution will be found with solutions at

f =
1
n

atan2(bsn;bcn);

and the proof by induction can be followed in a similar manner.

A.3.1 Single Mass Non-Harmonic Problems

In the case of the Macro DRG the perturbation functions were not purely made up of

one harmonic. Still, it was possible to tune the sensor with only one mass location, and

to decouple the system from linear acceleration with only two. Thus, a more general

problem should be considered in which

å N
i= 1mi f1(f i) = bc1; f1(f ) = f1(f + 2p)8f 2 R

å N
i= 1mi f2(f i) = bs1; f2(f ) = f2(f + 2p)8f 2 R:

(A.9)

Thus, two open questions are: What are the constraints onf1 and f2 such that a single

mass solution exists? And what are the constraints such thata single mass solution is

also optimal?
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A.4 Existence of Two Mass Solutions

For this section,n = n2
n1

so that (A.1) can be rewritten

å N
i= 1mi cosf̃ i = bc1 å N

i= 1mi cosnf̃ i = bcn

å N
i= 1mi sinf̃ i = bs1 å N

i= 1mi sinnf̃ i = bsn

(A.10)

wheref̃ i = n1f i . First, we will only consider those problems of whichn is an integer.

Fox presented a detailed solution for �nding solution to (A.10) with only two

masses, but did not address the feasibility of these solutions. In order to test the fea-

sibility of two mass solutions, we will �rst consider those problems with the form

f 1;0;bcn;bsng. We attempt to �nd the range of(bcn;bsn) which can be reached with

only two masses. In the �rst harmonic, the solution can viewed as a triangle with vec-

tors(m1cosf 1;m2sinf 1) and(m1cosf 2;m2sinf 2) connecting at the apex. In the �rst

harmonic, the base of the triangle is the segment connectingthe origin to(1;0), while

in the third harmonic, the base connects the origin to the target,(bcn;bsn). The apex is

parameterized(1=2+ ( 1=2+ r) cosg; r sing). Thus asg varies from 0 to 2p an oval is

traced by the apex. By varyingr from zero to in�nity the oval extends to in�nity, en-

compassing all ofR2. This can be used to represent all problem setsf 1;0;bcn;bsng that

can be solved with two masses. For analysis,m1 andm2, f 1 andf 2 are parametrized

as

m1 =
q

r2+ r(cos2 g+ cosg)+ 1
4(1+ cosg)2 m2 =

q
r2+ r(cos2 g� cosg)+ 1

4(1� cosg)2

sinf 1 = r sing
m1

sinf 2 = � r sing
m2

cosf 1 =
r cosg+ 1

2(1+ cosg)
m1

cosf 2 =
� r cosg+ 1

2(1� cosg)
m2

(A.11)

An example can be viewed in Figure A.3.

The harmonic coupling parameters can now be written as a function of the two
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masses and their placements:

bcn = m1cosnf 1 + m2cosnf 2

bsn = m1sinnf 1 + m2sinnf 2:
(A.12)

Figure A.4 displays how these “targets” map into other harmonics.

In order to evaluate the powers of trigonometric functions in general one can use

the relations

sinnf = å n
k= 0

� n
k

�
cosk f sinn� k f sin

� 1
2(n� k)p

�

cosnf = å n
k= 0

� n
k

�
cosk f sinn� k f cos

� 1
2(n� k)p

�
:

(A.13)

Thus

bcn = å n
k= 0

� n
k

�
cos

� 1
2(n� k)p

� �
m1cosk f 1 sinn� k f 1 + m2cosk f 2 sinn� k f 2

�

bsn = å n
k= 0

� n
k

�
sin

� 1
2(n� k)p

� �
m1cosk f 1 sinn� k f 1 + m2cosk f 2 sinn� k f 2

�

(A.14)
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If r = 0, then(bcn;bsn) = ( 1;0) for all g. As r increases, theng 2 [0;p) maps to a

closed, though sometimes overlapping, path. Ifn is even, the point(1;0) stays within

this path, while ifn is odd, the path starts and ends at(1;0). As r increases further, the

plots traces move outward. We can evaluate limr! ¥ (bcn;bsn) to determine the limits

of these traces, where they exist.

When n is even,

lim
r! ¥

bcn = r
n

å
k= 0

�
n
k

�
cos

�
1
2

(n� k)p
� �

cosk gsinn� k g
�

lim
r! ¥

bsn = r
n

å
k= 0

�
n
k

�
sin

�
1
2

(n� k)p
� �

cosk gsinn� k g
�

:
(A.15)

In general, this maps to multiple in�nitely large, overlapping circles. This means that,

for evenn, (bc2;bs1;bcn;bsn) 2 R4 can always be solved with two masses.

Whenn is odd, though, the highest order term ofr cancels out and a �nite limit is

reached:

lim
r! ¥

bcn =
n

å
k= 0

�
n
k

�
cos

�
1
2

(n� k)p
� �

(kcosk� 1g � (n� 1) cosk+ 1gsinn� k g
�

lim
r! ¥

bsn =
n

å
k= 0

k
�

n
k

�
sin

�
1
2

(n� k)p
� �

(kcosk� 1g � (n� 1) cosk+ 1gsinn� k g
�

:

(A.16)

Thus, there is a limit to the values that can be achieved by twomasses for odd harmon-

ics. In other words, whenn is odd, problem (A.1) cannot always be solved withN = 2.

Figure A.5 displays how the path of changes asr grows.

A.4.1 Feasibility for Non-Integer n

A similar methodology is employed, so that triangles in then1 coordinate system map

to ones in then2 coordinate system. In this case, a single set,(r;g), maps multiple

solutions inn2. There will ben1 possible values off 1 andf 2 to consider, makingn2
1
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total locations for each value ofr andg. Also, there is no expression like (A.13) for

cases in whichn is not an integer. Still, it is possible to show that solutions to the(1;0)

problem in then1 plane map to the entiren2 plane.

Again,m1, m2, f 1 andf 2 are parametrized by

m1 =
q

r2+ r(cos2g+ cosg)+ 1
4(1+ cosg)2 m2 =

q
r2+ r(cos2 g� cosg)+ 1

4(1� cosg)2

sinn1f 1 = r sing
m1

sinn1f 2 = � r sing
m2

cosn1f 1 =
r cosg+ 1

2(1+ cosg)
m1

cosn1f 2 =
� r cosg+ 1

2(1� cosg)
m2

:

(A.17)

As r increases, a closed (though overlapping) path grows from multiple origination

points (Figure A.6). This time though, it is dif�cult to analytically describe this

path. We can, however, make an observation on the limit of this path asr approaches

in�nity:

lim
r! ¥

n2f 1 =
n2

n1
(g+ 2pk1)

lim
r! ¥

n2f 2 =
n2

n1
(g+ 2pk2 + p) :

(A.18)

For a �nite limit to be reached,n2f 1 � n2f 2 must be an odd multiple ofp. This is im-

possible whenn1 andn2 have no common factors. Thus the entire plane is reachable.1

A.5 Solutions to the Two Mass Problem

Where two mass solutions are achievable, there are perhaps many ways of �nding these

solutions, including the one presented in Section A.2. The solution presented here

uses necessary conditions to guide the solution, and attempts to utilize the suf�cient

condition to solve the problem.

1Also note that forn1 = 1 andn2 odd, n2f 1 � n2f 2 is an odd multiple ofp, while it is an even
multiple ofp if n2 is even.
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For most problems, whereb2
cn1

+ b2
sn1

� b2
cn2

� b2
sn2

6= 0, the following method

works well. The challenge is to take the four variable set of equations, (A.10) with

N = 2, and reduce the problem to solving for one variable. First,the termsm1, m2, and

f 2 are written in terms off 1:

m1(f 1) =
b2

cn1
+ b2

sn1
� b2

cn2
� b2

sn2

2(bcn1 cos(n1f 1) + bsn1 sin(n1f 1) � bcn2 cos(n2f 1) � bsn2 sin(n2f 1))

m2(f 1) =
p

(bcn1 � m1cos(n1f 1))2 +( bsn1 � m1sin(n1f 1))2

cos(n1f 2(f 1)) =
bcn1 � m1cos(n1f 1)

m2
, sin(n1f 2(f 1)) =

bsn1� m1 sin(n1f 1)
m2

:

In essence, these equations represent the necessary conditions.

The suf�cient conditions are satis�ed when

m1cos(n2f 1) + m2cos(n2f 2) � bcn2 = 0

m1sin(n2f 1) + m2sin(n2f 2) � bsn2 = 0

is solved for a givenf 1. If n1 > 1, thenf 1+ 2pk
n1

must be considered forf 1, andf 2+ 2pk
n1

for f 2. Figure A.7 shows the solutions that were found for

(bcn1;bsn1;bcn2;bsn2 = ( 1;0;0:6;0:7)

whenn = 2;3;4. The two line segments in each plot represent the effect of each mass

on that harmonic, so that when the two segments are connected, they represent the total

perturbation. Figure A.8 shows the solutions for some casesin which n is a fraction.

The fact that the lower order harmonic is greater than 1 allows for many possible

solutions to each problem.

The small set in whichb2
cn1

+ b2
sn1

= b2
cn2

+ b2
sn2

has the following simple closed
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Figure A.7: Some example two mass solutions to the two harmonic problem,
(bc1;bs1;bcn;bsn) = ( 1;0;0:7;0:6), using the methodology in text.

form solution, in which the two masses are added2p
n+ 1 radians away from one another:

f 1 = 1
n+ 1(atan2(bsn1;bcn1) + atan2(bsn2;bcn2))

f 2 = f 1 + 2p
n+ 1

m1 = bcn1 cos(n1f 1) + bsn1 sin(n1f 1)

m2 = bsn1 cos(n1f 1) � bcn1 sin(n1f 1):
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each case.
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A.6 Solution with Three Masses

For any two harmonic problem, a subset of the problems can be solved with a precise

three mass solution. This set actually covers the entire setof problems that are un-

solvable with only two masses and has the additional property that the solutions are

optimal.

These solutions were derived by observing that the optimal solution to the single

harmonic problem,(bcn2;bsn2), can in general be solved by

f i = 1
natan2(bsn2;bcn2) + 2p

n2
(i � 1)

å n2
i= 1mi =

q
b2

cn2
+ b2

sn2
:

For a givenn2 harmonic problem,(bcn2;bsn2), the optimal solutions span a regu-

lar polygon for other harmonic problems. Thus, any problems(bcn1;bsn1;bcn2;bsn2)

within this polygon can be solved by one of these optimal solutions.

Forn2 = 2, this subset is a line segment, centered at the origin of length
q

b2
cn2

+ b2
sn2

and the solution is simply

f 2 = f 1 + p = 1
natan2(bsn2;bcn2)

m1 = 1
2

�q
b2

cn2
+ b2

sn2
�

q
b2

cn1
+ b2

sn1

�

m2 = 1
2

�q
b2

cn2
+ b2

sn2
+

q
b2

cn1
+ b2

sn1

�

Forn > 2 the subset can be described by

q
b2

cn1
+ b2

sn1
�

q
b2

cn2
+ b2

sn2

tanp
n sin( f̄ )+ cos( f̄ )

wheref̄ = (atan2(bsn1;bcn1)� 1
natan2(bsn2;bcn2)) mod 2p

n : (A.19)

Several examples of these subsets are plotted in Figs. A.9 and A.10. In general, with

n > 3, there are multiple ideal closed form solutions. We will pick the one in which

the three locations chosen are the two locations closest to the target and the location
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farthest from the target. Thus

f 1 = 2p
n �oor

�
atan2(bsn1;bcn1)� 1

natan2(bsn2;bcn2)
2p
n

�
+ 1

natan2(bcn2;bsn2)

f 2 = f 1 + 2p
n

f 3 = f 1 + n+ 1
n p for oddn, andf 3 = f 1 + p for evenn:

(A.20)

Then 2
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6
6
6
4
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m3

3

7
7
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5

=
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cosf 1 cosf 2 cosf 3

sinf 1 sinf 2 sinf 3

1 1 1

3

7
7
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� 12

6
6
6
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bcn1

bsn1
q

b2
cn2

+ b2
cn2

3

7
7
7
7
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(A.21)

The total mass used in this case is exactly
q

b2
cn2

+ b2
sn2

which is the minimum

amount required to balance only then2 harmonic, a suf�cient quality for the solutions'

optimality. Also this method can be used for fractionaln. Actually, with a fractional

n, either harmonic may be chosen as the second one, making the region in which this

technique is possible larger, as is exempli�ed in Fig. A.11.
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A.7 Balancing More Than Two Harmonics

The existence of 2n mass solutions to then harmonic problem is trivial, as one only

needs to choose the 2n locations such thatA is invertible. The additional requirement

that masses are positive requires that we invoke the theory of positive linear algebra

(see Chapter 8). Thus, given a set of 4n locations that are positively linearly indepen-

dent, a 2n mass solution can be found.

It can also be shown that, for the three harmonic case, �ve mass solutions can also

easily be found. If two of the harmonics are odd and the third is even, then a two or

three mass solution is possible for the �rst two harmonics harmonics and two more

masses can easily be added 180� apart to balance the last harmonic. If one of the �rst

two are odd, than those two can be solved with two masses, and the third harmonic

can be solved without affecting the �rst two harmonics with three masses. The proof

is absent for the sake of brevity.

In general, there is also a nontrivial subset of problems that have an ideal 2N � 1

mass solution. Equations (A.20) and (A.6) can easily be expanded for problems in

whichenT � 2N � 1 wheree is the greatest common factor(n1;n2; : : : ;nT).

The Fox solution implies that anynT harmonic problem can be solved withNT

masses. It is dif�cult to prove whether or not this is true, and I have been unable to

�nd a counter example forNT > 2. Even if true, it is clear that theNT mass solution is

not the minimal mass one.

In the last chapter, a convex optimization technique was employed to solve a simi-

lar problem similar to(n1;n2;n3) = ( 1;3;4). Equation (8.4) can easily be modi�ed for
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the purpose of three harmonic trimming to

A(f 1; f 2; f 3; f 4; f 5; f 6)m = b

where

A(~f ) =

2

6
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6
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6
6
6
6
6
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:

(A.22)

Again, a simple grid search type algorithm is required to give a feasible starting point.

Though it is dif�cult to evaluate the optimality of this technique, it is easy to implement

and runs quickly using a steepest descent technique.
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