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NOMENCLATURE
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Radial displacement of a point on a ring

Tangential displacement of a point on a ring

Amplitude of vibration in the radial direction

Amplitude of vibration in the tangential direction

Number of nodal diameters in a given mode

Resonant frequency of a mode

Unperturbed resonant frequency of a mode

Time

Angle on the ring with respect i1 axes, or Euclidean axes,
that generally represents locations of mass perturbations
Angle of the antinode axes from either Euclidean axes obDihaxes
Angle of the high frequency antinode

Angle of the low frequency antinode

‘L’J—V, the amplitude ratio of a given moae Chapter 2 only
Young's modulus

Cross sectional area of the ring, Chapter 2 only
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Poisson ratio

Radial thickness of the ring

o=, Chapter 2 only
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Maximum strain energy
Maximum kinetic energy

Maximum kinetic energy of added point masses
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Mass perturbation at index

Point mass equivalent of a frequency split

Total mass of the ring

Minimum discrete value of a mass perturbation
Relative frequency split

Labels for the two electromagnetic drivers

Labels for the two capacitive sensors

Transfer function for the 2 2 system, written in the
actuator's reference frame

Output transfer function foZy ey

2 2 real matrix, compensates for non-collocation effects
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2 2 mass matrix

2 2 damping matrix

2 2 stiffness matrix

2 2 mass perturbation matrix

Number of mass perturbations

largest and smallest generalized eigenvaluéd andK
Scalar number of magnets to be added
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I

bcos: bsin

g

Accelerometer labels, locations

Velocities measured #; andA, respectively

Transfer function from the drivers to the accelerometeosiéles
2 2linear acceleration coupling transfer function
Measured linear acceleration coupling matrix

Measured linear acceleration coupling perturbation matri
Thex andy coordinates of the center of mass

The two harmonic imbalance parameters forrthé@armonic
Vector of imbalance parameters

Shaker labels/locations

Transfer function from the accelerometer velocities to the
capacitative pick-offs

Theoretical dual linear acceleration coupling matrix
Function used for feedthrough compensation

A set of frequencies used to de ngy

The transfer functioi after feedthrough compensation
Harmonic imbalance parameters used for the tuning problem

Magnitude of the frequency split
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ABSTRACT OF THEDISSERTATION

Mass Perturbation Techniques for Tuning and
Decoupling of a Disk Resonator Gyroscope

by

David Schwartz
Doctor of Philosophy in Aerospace Engineering
University of California, Los Angeles, 2010
Professor Robert T. M'Closkey, Chair

Axisymmetric microelectromechanical (MEM) vibratory @agyroscopes are de-
signed so that the two Coriolis-coupled modes exploiteddte sensing possess equal
modal frequencies and so that the central post which attableeresonator to the sen-
sor case is a nodal point of the these two modes. The formditygoeaximizes the
signal-to-noise ratio of the sensor, while the latter gyaliminates any coupling of
linear acceleration to the modes of interest, which, if préscreates spurious rate sig-
nals in response to linear vibration of the sensor case. Wheegyro resonators are
fabricated, however, small mass and stiffness asymmeiiese the frequencies of the
two modes to deviate from each other and couple these modiee#o acceleration.
In a resonator post-fabrication step, these effects cardigced by altering the mass
distribution of the resonator. In this dissertation, a sgabdel of the axisymmetric
resonator of the Disk Resonator Gyroscope (DRG) is usedvielale and test methods
that successfully reduce frequency detuning (Part 1) amehli acceleration coupling

(Part Il) through guided mass perturbations.
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CHAPTER 1

Introduction

High performance axisymmetric vibratory angular rate semsave become a topic
of great interest because of their potential to perform dkasgering laser gyroscopes
while requiring much less power. They operate by sensingabponse of vibrating
modes in the resonant structure due to Coriolis forces. Témaibpherical Resonator
Gyroscope (HRG), whose resonator is shown in Figure 1.1bé&as used on the Hub-
ble, Cassini and NEAR missions for stability and control.eTBoeing Silicon Disk
Resonator Gyroscope (SiDRG), whose planar resonatorassatswn in Fig. 1.1, op-

erates on the same principle and motivates the study in ikgsgdation.

Even when skilfully manufactured, local variations in etelte produce minute
mass and stiffness asymmetries on the gyroscope's ressinaature that can impede
performance. The orientation of the asymmetries can céugsies$s of performance to
manifest itself in several ways. Asymmetries of the foudirhonic cause the frequen-
cies of the two essentially degenerate n=2 Coriolis-calipledes to diverge, thereby
causing a reduction in the achievable signal-to-noise falihis effect, referred to as
frequency detuning, can be seen on the SIDRG on the bottonofplg 1.2. Asym-

metries of the rst and third harmonic of mass distributicause a coupling of the

1The parameter n generally refers to the number of modal deméor a given mode. Thus, in this
case, the n=2 Coriolis-coupled modes are the two in-pldipgiedl modes as illustrated in Fig. 1.5.
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Figure 1.1:Left: Photograph of the Hemispherical Resonator Gyroscope'sHBs-
onant piece, which is manufactured from machined quartzRight: Photograph of
the resonant structure of the Boeing Silicon Disk Resonajsoscope (SiDRG). The
n=2 Coriolis-coupled modes of the resonator are generéliyzed for rate detection.

Coriolis-coupled modes to in-plane linear acceleratiohisuality can cause spuri-
ous rate signals as well as non-uniform damping. Linearlaa#on coupling on the

SIDRG is exhibited in the top plot of Fig 1.2.

An example of how both frequency detuning and linear acagtar coupling affect
performance can be seen in Figure 1.3. In this gure, the p@pectral density (PSD)
of the measured rate is plotted while the gyroscope is statyo This experiment uses
the Macro DRG, a macro scale model of the SIDRG that was tauittie studies in this
dissertation (Figure 1.4), as its sensing gyroscope. Tiheltt of the gure compares
the PSD before and after frequency tuning is employed usasgrperturbations in the
form small magnets placed on the resonator. The magnitutte¢¥SD of the detuned
sensor is clearly larger in the range of the sensor bandywdtich in this case is about
12 Hz. The bottom plot of the gure displays the measured RS® when the base
is subject to in-plane linear shaking in a frequency bandepassing the Coriolis-

coupled modes, thus simulating environmental shaking drsar case. One trace



shows the result when only tuning is employed, while the otitzee shows the result
when both tuning and linear acceleration decoupling metlaond employed. The PSD
is signi cantly higher when the sensor is coupled. Thus, ¢hear gains achieved
through both the reduction of frequency detuning and redaodif linear acceleration

coupling in vibratory gyroscopes has been shown.

Part | of this dissertation will focus on frequency tuning plast work, the resonant
frequencies of the SIDRG were tuned by applying electrimstatces with dedicated
electrodes, thereby locally altering the resonator s#gi[2, 3, 4]. The drawback
of this solution to the tuning problem, however, is that tlkeceodes are required to
maintain a voltage stability that is dif cult to achieve Wwitompact, low-cost electron-
ics. The possibility of tuning the modes by permanentlyralgethe mass distribution
of the resonant structure is attractive because it elimm#ie need for electrostatic

tuning electronics.

Though no analytical results exist regarding the effectaafs perturbations to the
SIDRG's speci ¢ structure, results have been documented fample ring, which has
similar modal characteristics. In an axisymmetric ringrar modes with the same
nodal con guration occur in degenerate pairs which havestmee modal frequencies
and have indeterminate angular orientations around tissohslymmetry. The focus in
this dissertation is on the n=2 Coriolis-coupled modesgctinave the elliptical shape
illustrated on the left-hand side of Fig. 1.5, because theytee modes most commonly
exploited in axisymmetric vibratory gyroscopeStudies of rings with small mass and
stiffness asymmetries show that the rings have approxlynidite same elliptical mode

shape for the n=2 Coriolis-coupled modes, but that the madesonstrained to two

2Much of the analysis, however, applies to higher-order @sricoupled modes as well.



xed orientations, 45 degrees apart, and at two nearly degga modal frequencies
(middle of Fig. 1.4) [5, 6]. Other researchers have derivgm@ssions concerning the
effects of mass perturbations on the modal frequenciestangdsitions of the modal
axes and have veri ed characteristics of these expressaanghysical systems [5,
7]. The expressions were then used to derive a simple pracesbkich frequency
tuning was achieved by adding a point mass to the locatiomefanti-node of the
high frequency mode or by removing a point mass from the ionaif the anti-node
of the low frequency mode (right side of Fig. 1.5) [6]. Thi®pess was veri ed on
a MEM device when laser ablation was employed to remove maggpeedictably
alter the frequency split [8, 9]. Unfortunately, this preseas not easily extended to a
“production” environment because the determination ofdleations of the anti-nodes
with high precision requires signi cant effort. The objeet of Part | is to develop
a tuning algorithm that will use data retrieved from the eddss electrodes as its

solitary guide in tuning the modal frequencies.

In order to facilitate the development of algorithms, thecktaDRG was fabri-
cated for the study (Fig. 1.4). Although the Macro DRG reson# not an exact
scale replica of the SIDRG resonator, the two share mangrealeatures such as
the number of concentric rings and the orientation of thekss” connecting them.
The presented tuning approach is facilitated by a novel indeati cation method
which is applied to multi-input/multi-output empiricalefquency response data gen-
erated with the Macro DRG. Small magnets are used to effatunpations to the
resonator mass and are modelled as perturbations to the edemass matrix. The
prospect of achieving a tuned state by placing magnets wtoom angular location on

the resonator is analyzed which motivates the discussiamodre elegant frequency



tuning approach. This approach uses only the xed electgimatic actuators and xed
capacitive sensors as its guide, successfully circunnwgntie need to directly iden-
tify the location of the anti-node of the higher frequencymsode. In Chapter 4, this
approach is successfully demonstrated under severatattffénitial resonator condi-

tions.

Part 1l of the dissertation concerns the problem of lineareration coupling.
Methods for decoupling the Coriolis-coupled modes froredinacceleration have not
been developed nearly as thoroughly as those for modalgurdhbanov et al. ap-
proached the decoupling problem analytically and propdhkatithe elimination of
linear acceleration coupling to the n=2 Coriolis-coupledd®s can be achieved by
causing the center of mass of the resonator to be a node ofth€ariolis-coupled
modes [10]. The analysis showed that the coupling couldibereted by “balancing”
the rst and third harmonics of the mass asymmétAn extremely simple version of
this method can be followed in Figure 1.6. The authors did Imatvever, explain how
one would measure the mass asymmetry harmonics, nor hasi@iogdin linear ac-
celeration coupling ever been empirically demonstratetthénopen literature. Thus,
the goal of Part Il is to develop a method for experimentadiyedmining imbalance pa-
rameters and to demonstrate how these parameters can ke esedtively eliminate

linear acceleration coupling.

In order to identify coupling, the Macro DRG is modi ed so tha-plane vibra-
tion of the resonator base is allowed. Thus, as the elecyoete forces drive the

Coriolis-coupled modes, accelerometers attached to the in@asure the in-plane ac-

3The rst and third harmonics of the mass asymmetry are sirttpyrst and third harmonics of the
mass/unit length function along the circumference of thg.rirhe harmonics are considered “balanced”
when they have a value of zero.



celeration of the disk center. The unperturbed resonatoibgg a clear response at
the frequencies of the n=2 Coriolis-coupled modes, thedenyonstrating coupling of
the modes to base vibration. Then, as small magnets aredptecthe outer rings of
the resonator to implement reversible mass perturbataoosange can be seen in the

nature of the linear acceleration coupling.

The discussion continues with an explanation of the probgsshich a coupling
matrix, which includes the four “imbalance” parameters) ba extracted from multi-
input/multi-output frequency response data. Experimarggperformed to show how
the measured imbalance parameters change as the magnefscackat different an-
gular locations along the outer rings. These changes arendted by the rst and
third harmonics when plotted against angular placementh Wie guidance of this
relationship, the coupling matrix can then be used to deterrhe locations and the

magnitudes of mass perturbations required to perform geicau

Chapter 6 presents two decoupling methods. The rst apprositzes data from
experiments performed in the preceding chapter to guidewggimg. When the method
is tested the nal result shows a dramatic reduction in totalpling and a slight in-
crease in the quality factor. The second method uses a wsttard harmonic approx-
imation of the data as its guide. By using the simpli ed mqdleis solution is imple-
mented without having previous detailed knowledge of thesweerturbation function.
This would likely be the most applicable method for decaugliypical axisymmetric

resonators.

In Chapter 7 a “dual” experimental setup is used to simulagecbupling exper-
iment that is more easily realized on a micro scale devicectEtdmagnetic shakers

are attached to the base of the post so that the coupling tmdldes of interest can



be measured using the capacitative sensors. The coupliagpters are then identi-
ed using a similar method to that used in Chapter 5 and useglitde a decoupling

process.

In Chapter 8, the lessons of the two parts are essentiallyed and a method
for simultaneously reducing frequency detuning and lireareleration coupling for
the Macro DRG is developed and successfully implementethllyj in Chapter 9, the
Macro DRG is operated as a gyroscope so that the performamce fgom frequency

tuning and linear acceleration decoupling can be observed.

The Appendix discusses solutions to problems involvinglt@kancing of multi-
ple harmonics. The solutions to these problems would beicgipé not only to the
speci ¢ problems addressed in the dissertation, but alsorablems such as tuning

multiple modes and removing linear acceleration couplingithigher order modes.



Linear Acceleration Coupling (SIiDRG)
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Figure 1.2:Top: The frequency response of the SIDRG exterior ring radiadeig) to
excitation of its base. The two n=2 Coriolis-coupled modeasteat two slightly dif-
ferent frequencies, indicating detuning that is causedigllamass asymmetries. The
fact that these modes are observable in this experimenestgythat the Coriolis-cou-
pled modes exhibit coupling to movement of the base, whichiitgact performance
by producing spurious rate signals due to case accelerdiottom: The frequency
response of a different SIDRG using embedded drive and ssastrodes within a
narrow, 100 Hz band encompassing the “fundamental” Cermalbdes. Note, the res-
onant frequencies of the Coriolis-coupled modes of this@aar resonator are higher
than those in the top plot. Though the frequency split is Emal relative sense—Iless
than 0.3%—the sensor effectively has no mechanical gainisrstate.
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Figure 1.3:Top: The power spectral density (PSD) of the measured rate sigrhate

and after the tuning methodology of this dissertation wapleyed. The tuned case
exhibits lower noise within the sensor's bandwidth (12 HH#)e resonator in this case

is a steel, macro scale version of the resonator of Boeingjiso8 Disk Resonator
Gyroscope (SiDRG)Bottom: The PSD of the measured rate signal when exposed
to linear acceleration at its base, before and after thadiaeceleration decoupling
methods of this dissertation are employed. The decoupledtation clearly reduces
the sensitivity of the resonator to base vibration.
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Figure 1.4: The experimental setup of the Macro DRG, theagebuilt for the studies

in this dissertation.

ideal symmetric tuned ring

"nominal” ring shape

arbitrary modal axes
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fixed modal axe’:\‘

asymmetric detuned ring

high frequency mode

N
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arbitrary modal axes
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tuning mass

Figure 1.5:Left: lllustration of an n=2 Coriolis-coupled mode in a perfeckisym-
metric ring. This mode appears in a degenerate pair, meanaag occur with any
angular position relative to the axis of symmetdiddle: When slight mass asymme-
tries exist, the modes manifest themselves in two xed aagotientations, 45 degrees
apart. These modes have two slightly different frequenaras$ cause the detuning

seen in Fig. 1.1 Right: When the correct amount of mass is added to the anti-node

of the high frequency mode (the “target for tuning' on therasyetric detuned ring),
a “tuned” state can be reached. Even though the mass digtnkis asymmetric, the
important properties of the ideal ring are recovered.
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asymmetric ring asymmetric ring

ideal symmetric ring that is coupled to that is decoupled to
"nominal” ring shape linear acceleratlon mass asymme linear acceleratlon
modal axes Center of Center of
Center of mass (not stationary) mass (stationary)

mass (stationary)

mass added
to cause decoupling

Figure 1.6:Left: lllustration of an n=2 Coriolis-coupled mode in a perfecakisym-
metric ring. The center of mass in this case is a nodal poith®fmode. Middle:
When slight mass asymmetries exist, the center of mass novesras the mode is
active. This is one way to view linear acceleration couplifthe ring were somehow
attached to the center of mass then it would be possible izatethe mode simply
by moving the center of mas&ight: When the correct amount of mass is added to
speci ¢ points on the ring, the center of mass remains gtatipas the mode is active.
Though in this case only one mass is added to return to a diecbsiate, in general
two or three masses must be added.
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CHAPTER 2

Analysis of a Simple Ring

Before attempting frequency tuning with the complex DRGicire, it is rst infor-
mative to examine the work performed on more simple geosgetiihe axisymmetric
ring has been analyzed at great depth over the past seveaalate Lord Rayleigh rst
observed the resonant dynamics of a ring in the mid 19th egnnding that rings
resonate in plane with equally spaced axial anti-nodes. [Egveral methods were
later used in the 20th century to gain a deeper understandihg frequency splits in

these resonant modes.

2.1 Anatomy of a Frequency Split

A mode withn nodal diameters and natural frequemgy, has the form
w(f ;t) = Wecognf )elot:  y(f:t) = U sin(nf )el"ont (2.1)

wherew is the axial displacement andis the tangential displacement (Fig. 2.1).
Several methods have been employed to analytically nd @enal frequencywon
and the amplitude ratia, = ‘L’J—V ([5, 6]). The approach used in this section, rst shown
by Fox et al., employs the Rayleigh-Ritz method wherein tleximum kinetic and

potential energy of a mode can be used to nd the parameteitseaiode shape. A
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n=2 mode shape //

dynamic shape

static shape ‘ Dl axes
w(f ,t) antinodal
axes

Figure 2.1:Left: lllustration of the radial deformation, w, and the tangaitieforma-
tion in a single ring Right: lllustration of variables used in perturbation analysisof
ring. The orientation of the nodal axes is denoYed

slight simpli cation of Fox's analysis follows. By simpling the thin shell theory
eqguations for a thin ring vibrating in-plane (given in [19))e maximum strain energy

and kinetic energy are

Sn= U2pEA=2R(I V?) (n® a?2)l+b(l nd)?a?

(2.2)
W, Ton = SU2pRAwWE (1+ a2):
By following the Rayleigh-Ritz method we de nwgn = %ﬂ SO that’%—‘g’zonn = 0. This
gives
a 2
an= (P 1=2n 1+b(1l n? (1 n?)2=4n2)(1+ b(1 n?)“+1
Wn= & e ((n an?+ bad(l m)?)
(2.3)

in which the two solutions ofyg, can be found for each value of The rst (utilizing
the addition) represents a largely exural mode while thieeotrepresents a largely

extensional mode. We are only concerned with the exural.

In order to continue, we must generalize equation (2.1)lemefor a change in the

position of the anti-nodes. The angular location of the-antle is denoted so the

14



new expressions for the deformation are

w(f;t)= Weos(n(f Y))e"ol: y(f;t)= Usin(n(f Y))eWonl: (2.4)

Now we are ready to add mass perturbations into the analy$ismassesm are

added to the ring at positiorfs, then the kinetic energy added to the system would be

W2Tmn—U mw2[sm2n(f. Yn)+ aZcogn(fi Yol (2.5)

i= 1
The natural frequency of the perturbed system,can now be expressed as
WG

n 2.6
1t e (2.6)

n

whereer, = Tm“ is small. Employing Rayleigh-Ritz again, s%i 0 which implies

that, for smallerp, & ”er“ =0, or

ﬂel'n n(l af) e

N 2T amsm2n(f. Yn)=0: (2.7)

After rearranging, an equation fdf, can be obtained

ajmsinnf;

tanhyY = :
"7 &, mcosf

(2.8)

Using this equation, for any valueand given set oN mass perturbations, two values
of Y can be obtained, separated £y that identify the angular position of the anti-
nodes of the two modes of the ring. Finally, each perturbedmant frequencyy,

p = 1;2 can be obtained by

w2 - W : (2.9)
1+ Zam[(1+ad) (1 adcosd(fi Ynp)

Fox used these equations to solve the tuning problem. Heeshtivat any con gura-

tion of masses could be represented by a positive point massgat the anti-node of

15



the high frequency mode. Thus, by placing the correct amoipbsitive mass at this

location the frequencies would be tuned. He derived thigigoass equivalent” to be

A+ ad)(ngy wiy), (2.10)
2(ar% Wn1 an)

My = Mring

wherew,; andw;, are the resonant frequencies of the low and high frequendeso
respectively. If we now de ne the frequency ratio= "2, then the mass ratio can

be shown to be
m, as+1
Ming af 1

In the case of the = 2 Coriolis mode, this means that the mass ratio is nearly two

d: (2.11)

times the frequency ratio for any low pro le ring.

2.2 Additional Anecdotes Regarding Tuning

The underlying process of nding the locations of the arddes of the modes and
either adding mass to the high frequency mode's anti-nodakong mass away from
the low frequency mode's anti-node is conceptually strggtvard. The robustness
of the process, however, has not been explicitly statedtHaravords, the effect of a
small error in mass placement has not been analyzed. Toaenthle effect of such
an error, a detuned ring is modelled as a perfectly symnatiing with one negative
point mass which de nes the angular location of the axes efitigh frequency anti-
node. For simplicity,f = O at this angle, and the relationship between additional
masses and and the frequency split is observed using (2.1). Though dfifisult

to nd a closed form expression for this relationship, théeefs can clearly be seen.
The axes of the high frequency anti-node move away from tliecanass and the

reduction in the frequency splitis less prevalent. One barktof the mass “attracting”

16



Figure 2.2: A common problem when tuning a ring-like struetis that a slight mis-
placement of a tuning mass can change the positions of the agés. In this demon-
stration the native mass asymmetries are idealized asea'laegative” point mass at
the high frequency anti-node. As mass is added near thisatived mass, the mode
shifts away in the opposite direction. Thus, any reasontaiplieg algorithm will need

to “follow” the anti-node.

the low frequency mode and “repeling” the high frequency endéven a one degree
misplacement of mass can potentially have a large effegienting on the relative
size of the placed mass. Thus, when the time comes to actuakya device, better
results are achieved if mass is added in small incrementssleetmeasurements of the

modal shape.

The fact that frequency tuning is done with discrete amowontsiass presents
another problem. If the mass needed to tune the device idesntiadn the smallest
mass available, tuning is impossible with a single massidfrhass is placed directly
on the axis of the high frequency anti-node, one “overshidbis tuning, and that
location becomes the location of the low frequency antienol the mass is placed
close the high frequency anti-node, the mode swings awais dase, however, can

be tuned ef ciently by adding mass on either side of the higdgfiency anti-node,
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essentially trapping it. The locations of the “trap” can barid by solving

My coY4Y 1) = MpertCOYA(YH )+ MpenCOgA(YnH+ f)
My Sin(4Y 1) = MpenSIN(AY 1 )+ MpenSIN(A(Y H + f):
Thus the solution is

1 my
f=Yy =cost
H 4 z%ert

in which my is the magnitude of the splitert is the maximum amount a single mass

can reduce or amplify a split, andy is the location of the high frequency anti-node.

Lastly, the structure of the DRG is not a true ring. The susjmers between the
concentric rings will inevitably alter the mode shape. Tglothe mode shape is still
dominated by the second harmonic, its exact form is dif doltresolve. It can be

shown that, if the other harmonics are small enough, thaquevesults still hold.
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CHAPTER 3

The Macro DRG Experiment and Model Identi cation

3.1 Macro DRG Experimental Setup

The Macro DRG resonator is machined from cold-rolled 10&8Isind has an outer
diameter of 11.6 cm (Fig. 3.1). The resonator thickness/isdn and each of its nine-
teen rings is 0.9 mm wide with 1.1 mm gaps between rings. Baghs connected to

its immediate neighbors at eight “spokes,” with 45 degreesing. The eight spokes
connecting a ring to its outer neighbor, however, are rdtaie22.5 degrees from the
eight spokes connecting the ring to its inner neighbor. Tthespositions of the eight
spokes alternate radially between positions 22.5 degrees éach other giving six-

teen angular spoke locations, as shown. Small NdFeB maghsksshape with a 1.6
mm diameter and 0.8 mm thickness, can be attached to theiagswf the resonator

to create reversible mass perturbations.
Actuation and sensing of the resonator are achieved usaujreinagnetic actua-

torst and capacitive sensing pick-offs, each shown in Fig. 3.ThEdectromagnet is

a modi ed relay, using variable current through its solehtw exert a radial force on

1The Macro DRG uses electromagnetic actuation instead ofreltatic actuation because elec-
trostatic forces are too weak for effective actuation atNteero DRG scale. Furthermore, the gaps
required for electrostatic actuation are so small thatotiseffects dominate the dynamics of the air in
the gaps causing signi cant nonlinear damping, an effebédaqueeze- Im damping [21].
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the resonator. Each sensing pick-off consists of a brags(8iexm diameter) placed
parallel to the outside edge of the outermost ring of thematw. The resonator is
biased at 50 Volts and, as the resonator vibrates, the ¢apaeibetween the resonator
and the brass disk changes. Charge on the disk ows to thealiground of the
transimpedance ampli er that is con gured with a 1Wifeedback resistor, thereby
providing a gain of 10 V/A. The transimpedance electronics are enclosed in a steel
shell to provide shielding from the electromagnetic aditsatThe experimental appa-
ratus is shown in Fig. 3.1. Two electromagnets are placeddbegs apart so that they
present “orthogonal” excitations with respect to the n=2i@s-coupled modes. The

two pick-offs are placed 135 degrees apart in an equallyhtgonal” arrangement.

The block diagram for open loop system identi cation is simawFig. 3.2. A dig-
ital signal processor (DSP) generates band-limited tgagds in the desired frequency
range. Since the electromagnetic actuator exerts an tategdorce for both positive
and negative voltages, the desired AC waveform, with a 500maXimum amplitude,
is biased by 3 \Volts. The sense signals are then further adifli 400), Itered with
low-pass eight-pole Butterworth Iters possessing 10 kdtzaff frequencies, and then
sampled by the DSP. The drive signals are subjected to the $tmand resampling

to eliminate Iter phase shifts and zero-order hold effects

The displacement-to-voltage gain on the capacitive pitkis extremely sensitive
to the width of the air gap between the sensors and the resohéth this in mind, the
actuators and sensors are placed on linear translati@gdstor precise gap control.
The gap calibration setup for the pick-offs, shown as theedopaths in Fig. 3.2,
involves setting the electromagnet inputs to 0 Volts andaapg the 50 Volt bias

to the resonator with a 1.6 KHz sine wave from a signal geoerafhe responses

20



from the pick-offs are compared to each other and the gapseket the pick-offs

and the resonator are adjusted until the responses exibgame amplitude. This
process ensures that the pick-offs will have the same gdireqiencies near those
of the fundamental Coriolis-coupled modes. The electraretggare much harder to
calibrate, but the same level of precision is not requireel tuthe nature of the force
created by the magnetic ux. The gap is set to 1 mm, which igdanough to have a
minimal detrimental effect on the quality factor of the neator while still achieving

an adequately large excitation force.

A single channel of Macro DRG frequency response data is showig. 3.3.
The fundamental Coriolis modes are near 1.6 kHz and appeanesesonant peak
at this scale. The zoomed frequency responses reveal tivedunal Coriolis-coupled
modes with approximately a 1.6 Hz (0.1%) frequency spliisTWwo-input/two-output
empirical frequency response format will be used as thecyah guide to the model

tting and tuning algorithms.

3.2 Sensor Model

3.2.1 Model Development

The system identi cation method for guiding the mass pdyation process is based on
the one developed for electrostatic tuning of the gyro dyinarf#], which resembles
the model for a 2-degree of freedom spring mass system @Ryd) with coupling al-
lowed between the modes. For mass tuning, the linear mezhahnearly degenerate

vibratory gyros in a neighborhood of the Coriolis-coupleodes can be modeled as

Hout(9RZ, 144 (9); (3.1)
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Figure 3.1:Left: Photograph of the Macro DRG. The two electromagnetic actsat
are labeled; andD», and the two capacitive pick-offs, that detect radial déi@a of

the resonator, are label&l andS,. Small NdFeB magnets are added to create a re-
versible perturbations to the mass distribution of themesar. Top Right: Diagram of

the electromagnetic actuat@ottom Right: Diagram of the capacitive sense pick-off.
This design was used to minimize electromagnetic couptirige transimpedance am-

pli er.

DRG Bias _ (50 V)
Voltage

summing Actuator
amplifier l
'

Sensing  transimpedance Anti-Aliasing D
Pick-off _amplifier Filter i

Excitation : | YW
Sequence i . —
T Anti-Aliasing > S.
! x400 |—'| Filter |—'| ADC i
DC Offset (3V, [
Voltage Calibration _— y{V\ Calibration
input TR output ;

Figure 3.2: Block diagram of test setup. The lItered drivalaense signals are de-
notedD; and S, i = 1;2, respectively. Frequency response data is used to cohstru
a two-input/two-output model of the Macro DRG dynamics. Twtted path repre-
sents an alternative setup that is used to calibrate gapg&éetthe pick-offs and the

resonator.
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Figure 3.3.Left: TheS;=D; channel of the empirical wideband frequency response of
the Macro DRG showing several resonator modes. At this skale appears to be no
split between the n=2 modes (near 1.6 kHzjght: The narrowband dynamics of all
four channels in a neighborhood of the fundamental Coridigpled modes. The data
points are represented by while the trace through the points is a model that was t
using the process described in the following section. Jsigt éhe SIDRG response,
the Coriolis-coupled modes of the Macro DRG have a smallueegy split despite
the fact that the steel resonator is highly symmetric.

wheresis the Laplace transform variable and where
Zaci () = (Mo + D) s°+ Cs+ K: (3.2)

In this modelC andK are real 2 2 positive de nite damping and stiffness matrices,
Mo is the real 2 2 positive de nite nominal mass matrix, arig is the perturba-
tion to Mg due to the particular arrangement of added magnets iktkhperturbation
case. The angular rotation rate of the sensor is assumed zerban this model.
The subscript ofZ,¢; denotes that the system matrices are written in the geredali
coordinates speci ed by the actuator (forcer) frame. Theadfer functiorHq; repre-
sents any dynamics associated with the signal conditiogliegtronics andR 2 R? 2

captures the effects of non-colocated pick-offs and farcer

frequency response data framg+ 1 experiments conducted with different mass per-
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springs

ST

Figure 3.4: Basic two degree of freedom system used to desthie behavior of
Coriolis vibratory gyroscopes.

turbation scenarios to (3.1). In other words, kKte experiment yields two-input/two-

The minimax optimization problem for estimating the sensmameters is

' 5 Ry FraZ iWieq) _
vl o haX S Rea FiooZacto(JWheo) (3.3)
K> 0;C> O;Mg> | o= 1;::my
R2C? Z1=0,1;:nR-
where
~ R
Reg= & RWqy (3.4)
1=0
and where evaluating,; at theqth frequency point associated with tki experiment
yields
Zaciiy (IWheg) = (Mo+ D) Wi+ K+ [CWiq: (3.5)

The constrainfMg > | in (3.3) is imposed rather than the typiddp > O because,

24



in the latter case, all of the free parameters may be scaledripnzero constant so
as to make the cost arbitrarily small without actually chagghe model frequency
response. AlsaHouR has been replaced B This complex valued function models
any additional dynamics using a low order polynomial fuoictof frequency with
coef cients inC? 2. In fact,Rcan be viewed as the combination of the rst few terms
of the Taylor series expansion of the frequency responsetibmof Hyy; including
the non-collocation effects. Finallg, denotes the largest singular value. Thus (3.3)
is a multi-input/multi-output extension of the rst iterah of the Sanathanan-Koerner
frequency domain model tting algorithm [22]. Note that 83.can be restated as

following eigenvalue problem

min: g

: (3.6)

where 2 3
gl Ry FraZactiol i Wo) Z.

Ry FrgZactWg) gl
This problem is solved using Matlab's LMI toolbox [23].

qu = 9

3.2.2 \Veri cation of the Model

As in Fig. 3.3, experimental data are generated by drivirglp egtuator with a chirp
sequence whose 5 Hz bandwidth encompasses the fundamentaisdnodes of the
Macro DRG. The input-output sequences are processed w ¥iel empirical fre-

guency response data on a grid of frequencies with 0.1 Hiuteso giving fty-one
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frequency response points in each plot. The model (3.2)pBeapto two mass pertur-
bation cases in addition to the nominal case in which no medsibation is present.
The rst mass perturbation case places four magnets on aatgof the Macro DRG,
as shown in the left-hand illustration of Fig. 3.5, and isresented by th®; mass
matrix perturbation. The four-fold symmetry of the modemhguarantees that this
perturbation will have the same effect as adding the fourses$o only one of these
four positions. The second mass perturbation case placesifagnets on the outer
ring of the DRG, as shown in the right-hand illustration o B3.5, and is represented
by the D, perturbation. The empirical frequency responses for tpestirbed cases
along with the case in which no magnets are added are showigsn &6 and 3.7.
Since the sensor is a two-input/two-output plant, the foagmtude plots are shown
in Fig. 3.6 and the four phase plots are shown in Fig. 3.7 fidevidual channels are
denoteds;=D1, $=D1, etc.). Itis clear that the mass perturbations cause aishiie
modal frequencies and alter the split between these freigenThe model parameter
setf Mo; D1; Dy; C; K; Ro; R1g is determined from (3.6). The model frequency responses
are given by(Ro+ jwRy)  (Mo+ D)w?+ K+ jCw ', k=0,1,2, and are plotted
as the solid traces in Figs. 3.6 and 3.7. Note, the ord& o§, is set to 1 for this and
future models. The model tis almost indistinguishablerfrehe empirical data—the
largest deviation is only 5%. We also plot the absolute ebetiveen the data and
model,

S Fiq Fik;qzac%(J'Wk;q) ; k=012
These plots give direct assessment of the modeling erramasiéon of frequency and
are shown in Fig. 3.8. The absolute error is approximatelyg2Smaller than the

frequency response magnitude across the band of inteesstothcon rming a good
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Figure 3.5:Left: Orientation ofD; perturbation.Right: Orientation ofD, perturba-
tion. Masses are added at four points in each case to aclievadst even possible
mass loading. These are the perturbations corresponding &nd '} ' in Figs. 3.6
and 3.7.

model t.

Since this model guides the mass addition/removal procébstie objective of
driving the two modal frequencies together, its predicpeever is of great importance
and is tested in two ways. In the rst test, two magnets areeddd each of the four
points on the resonator corresponding to the positions shiohe left-hand illustra-
tion in Fig. 3.5 (total of eight magnets). This perturbatawubles the magnitude of
the mass perturbation correspondindoso we compare the empirical data with the

frequency response of the model

(Ro+ jWR)) (Mo+ 2D))w2+ K+ juC '

The comparison is made in Fig. 3.9. The model predicts tharesapfrequency re-

sponse data extremely well.

The second test case involves placing a single magnet atoédbb eight points
on the resonator corresponding to the locations shown imibostrations in Fig. 3.5.

This perturbation should correspond to modifying the nahmass matrix by the sum
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Figure 3.6: The two-input/two-output empirical and modelguency response mag-
nitudes used to test the model tting algorithm. The empiidata for the test with
no perturbation is represented by and the data resulting from tHe; andD, pertur-
bations (shown in Fig. 3.5) are represented byand '} ' respectively. The model
ts given by (Ro+ jwRy) ( (Mo+ D)w?+ K+ jwC) ! of the three data sets are the
solid traces. Thus, the change in the frequency responsie doe addition of magnets
is successfully modeled as a change to only the mass matrix.

28



S1/D1 S1/D»y

180 180

/U? 006004888, S ;_“ BeR%0eg ‘

g TR ] 90}

=4 ERTE R

3] i

[¢D] e o 30000

; jood
S.90 ' B | X\'
o

180351636 1637 1638 1639 1640 L9835 1636 1637 1638 1639 1640

S,/Dq S2/D2
180 180

90
ol

\ | -

4%.%35 1636 1637 1638 1639 1640 4%.%35 1636 1637 1638 1639 1640
Frequency (Hz) Frequency (Hz)

Phase (Degrees)
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plots corresponding to the magnitude plots in Fig. 3.6. Agdie model appears to be

a good t.
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Figure 3.8: The absolute error between the empirical frequeesponse data and the
identi ed model. The black trace gives the data for the nahaase, while the dotted
trace gives the errors for the two perturbed cases.

of D; andD,. Thus we compare the frequency response data against thed mod
(Ro+ jwRy)  (Mo+ Dy+ Dp)w?+ K+ juC

Again, the set of plots in Fig. 3.10 shows very good agreeretvieen the model pre-
diction and the empirical frequency response data. Thisagethe predictive power

of the model tting technique.
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CHAPTER 4

Tuning the Modal Frequencies

4.1 Frequency Tuning by Perturbing One Unique Circumferental

Location

Now that the experimental setup and modeling techniqueisianti ed, potential pro-

cesses for driving the modal frequencies of the Macro DR@ttogy and reaching a
‘tuned' state are developed. It is clear from Fig. 3.6 thatdhgular location of a
mass perturbation affects the resulting frequency splg.dAscussed in the previous
chapter, frequency tuning can be achieved for a simple nngdaling mass to only
one location—the anti-node of the high frequency mode (Eig) [6]. In many ways,

this is the simplest solution to the general frequency wpoblem and in this section
this methodology is tested, as applied to the Macro DRG gusaveral different tech-
niques. The lessons learned from this exercise motivatdetielopment of a tuning
process that is better suited for axisymmetric vibratoryoggopes. Our rst step is

the direct measurement of the mode shape of the detuned ND&E

4.1.1 Measuring the Mode Shape

In this experiment, the radial motion of the outer ring is swead by a laser vibrome-

ter. One of the electromagnets is used to excite the Macro BiRia&2 modal frequency
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corresponding to the higher of the two n=2 Coriolis-coupteade frequencies. The
previous testing setup is placed on a rotational stage whéelaser vibrometer is
placed in a xed position (Fig. 4.1). Vibration measurengate taken every 2 de-
grees on a 90 degree arc. The resulting mode shape is shotva iggttt-hand plot of
Fig. 4.1, with the peak displacement occurring at 77 degrétas important to note
that the mode shape follows a sine wave fairly well, but netqo#ly, making it dif -
cult to utilize a sine wave model to precisely predict theatoan of the anti-node of the
high frequency mode. This experiment essentially reg@Ede procedure for identi-
fying a mass tuning location suggested for simple rings andiges some interesting
information, but does not satisfy the stated goal of usiflg thre xed electromagnetic

drivers and capacitive sensors to guide the tuning.

4.1.2 Testing Frequency Tuning Near the Anti-node

The rst tuning attempt places multiple magnets at 76 degfeam theD; axes and
subsequently measures the resulting frequency respoii$esresonant frequencies
from these responses are calculated by taking the squaseatioyk and/ ., the
larger and smaller generalized eigenvalues, respectieélthe identi ed mass and
stiffness matrices. The split between these frequencigdoised in the right-hand
graph of Fig. 4.2. As the rst several magnets are added,ghedecreases. Before an
adequately small split is reached, however, further aolditif magnets increases the
split. This practice was repeated at 72, 74, 78 and 80 defr@msthe D, axes and
the data are plotted on the left-hand side of Fig. 4.2. Thdbgtplots are faceted due
to the discrete amount of mass added with each magnet| iggiears from Fig. 4.2

that the best tuning location is approximately 77 degrems ftheD; axes. It should
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Figure 4.1:Left: lllustration of the testing setup used to determine thealadk ec-
tion of the outermost ring of the Macro DRG resonator. Theidg electromagnet and
the resonator are xed on the rotational stage so that thect®n can be measured
at 2 degree increment®ight: Plot of the radial de ection as a function of angular
position. The dots represent the experimental data, winelotted line is a sine wave
t. The large deviations from the sine wave are most likelysed by the additional
stiffness provided by the spokes. One proposed tuning rdetivolves adding mass
directly to the resonator at the location correspondindheanti-node of the experi-
mental data. This is the method that has been used in theogastet other ring shaped
devices.
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be noted, however, that misplacing magnets by only 3 degnessases the minimum
achieved split from about 0.15 Hz to 0.4 Hz. This behavioselp follows the mass
perturbation model derived by Fox et al. for a simple ring englmple to explain [6].
To wit, when mass is placed directly at the anti-node of thghHrequency mode,
the frequency split is reduced, and the anti-node remairtarsame location until
the split is eliminated. If more mass is added after the spithes zero, the locale
where mass is added becomes the new low frequency anti-madtha split begins
to increase. If the initial magnet is misplaced, howeves,iifgh frequency anti-node
shifts away from the locale of the added magnet. Though atths split decreases,
the split begins to increase when the added magnet is closiee tow frequency anti-
node than it is to the high frequency anti-node. Thus, asrtioe im the location choice
increases, the frequency split increases with fewer addeghets, thereby increasing
the minimum achievable split when attempting to tune by aglaihass to one unique

angular location.

The solid trace on the right-hand side of Fig. 4.2 is an atteimsimulate the
minimum achievable split if mass could be added continyowklen tuning 76 degrees
from theD; axes. ThéD associated with the rst four magnets added was found using
amodel tto the empirical frequency response data of the eath no magnets added
and the case with four magnets added at 76 degrees. Nextplihevas predicted
using the frequencies derived frolr_m,|0+ apk and/ apK; wherea is the number
magnets added. The plot demonstrates that the model ttinggss proves helpful
in determining the minimal split associated with a par@ecuhass perturbation. This

realization inspires the proposed tuning method desciitbéte following section.

Finally, the diagonal channels of the frequency responssared between steps
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Figure 4.2:Left: The ve traces represent ve experimental attempts to tinee\acro
DRG by placing magnets at only one angular location, usiegtlons of 72, 74, 76,
78 and 80 degrees. Data was taken when 0, 4, 6, 7, 8, 9 and 1(eteagere added
for each case. The frequency splits are determined from thdela that are t to
the individual experimentally determined frequency resss. In each case the split
is at rst reduced but at some point further addition of massreases the split. It
appears that the smallest split would be achieved near éidacaf 77 degrees. It
is interesting to note that if the placement is as little ase§rdes away from this
location, the minimum split increases to nearly 0.4 lRight: The data taken when
tuning is attempted at 76 degrees is replicated am this plot. The solid line tis
done by tting the empirical data from the rst two points tasatf Mo; D;C; K; Ro; Rig
and using Mo+ 2DiK and/ .+ a 2pk 0 determine the split for any number of magnets
(wherea is the number of masses added). This is a good test of thecpivedielevance
of the model, but also shows how much the minimum achievallieis increased by
using a quantized amount of mass.

of the test at 74 degrees are shown in Fig. 4.3. Though thedrexy split decreases,
and at one point the two modes are nearly decoupled, the tvdesmare never practi-

cally tuned.

4.1.3 Das a Function of Angular Position on the Outer Ring

The functionD(f) is de ned as the relationship betwe&n the mass matrix pertur-

bation associated with one magnet placed upon the outeringsandf , the angular
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Figure 4.3: Each plot shows the two diagonal channels whegneta are added near
the anti-nodal axes of the high frequency mode. Though #wuincy split is signi -
cantly reduced, the nal splitis still still too large forgi cant performance enhance-
ment.
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position of that additional magnet. Once the funcii(f ) is known, an anglef , and
an “intensity”,a, representing the number of magnets to be added, can be $ochd
thatl_,\,IO+ ab(f)iK = L po+ ab(F):K’ implying that the frequency split is eliminated. An
experiment is performed to nd(f) for values off in one 90 degree arc.Eight
separate perturbations were conducted with magnets sjpaddd?5 degree steps (a

total of nine MIMO frequency response data sets) and themibael parameter set

onal and off diagonal terms of ea€h, k= 1;2;:::;8, are shown in Fig. 4.4. Linear
interpolation can be used to approxim&dor any f. Whenf = 75.4 degrees and
a= 84 magnetsl_MO+ ab(f)K = [V ab(f)k SO the modes are tuned according to
the model. According to Fig. 4.2, though, the minimal spldul be about @ Hz if
tuning were attempted at only this location. Unfortunatelig not practical to use the
experimental relationship of Fig. 4.4 on a different Maci@®. Any small difference

in the drive and sense gap distances or in the internal stiffand damping changes
D(f) signi cantly enough to reduce its predictive value. Thususe this approach,

this entire experiment would have to be repeated for evenydwyvice, requiring ex-

cessive, and likely unnecessary, perturbations.

4.1.4 The Eigenvectors oM and K

The next method analyzed uses the generalized eigenvestaiated with .k, de-

ned asvy k, to identify the location of the high-frequency anti-nodée eigenvector

LIt can be shown that adding the same mass at 90, or 180, deggées aelative to the current
position produces the same mass matrix perturbation fomibdes of interest. Thus, the experimental
results for the rst 90 degree arc can be extrapolated toessgnt perturbations to any angular location
on the structure.
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Figure 4.4:Left: Mass matrix perturbatior, as a function of the counter-clockwise
angle from theD; axes,f, found by tting the model to nine empirical frequency re-
sponse data sets. The upper diagonal term is denotef 'byhe lower diagonal by

" ', and the off diagonal term by ™. Right: lllustration of the eight placements of
the magnet in the tests. When the experiment is repeateddifinent gap widths
for the actuators and sensors, and different initial madrgttibutions, the functional
relationship varied only slightly. The absolute magnitsidee not important because
the model parameter set is scaled byMye> | constraint in (3.6). The relative mag-
nitudes, however, are, at the very least, interesting. ©hé klack magnet in the right
hand picture illustrates the perturbation that correspdidthe data points that are
solid black in the left-hand plot.
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is a state of the system that, if allowed to propagate unébarel undamped, will re-
main in a state that is a scalar multiple of the eigenvectdrelMhis state is multiplied
by M it is in the coordinate system of the electromagnetic aotsatrefer to (3.1)).

Thereforev; andvs, de ned here as
2 3

QV:LE = MWy k;
V2

are scalar multiples of the radial velocities of the ringhe kocations of the two ac-
tuators,D1 and D, respectively, when the ring vibrates with the mode shapdef t
high frequency n=2 mode. In order to use this informatiorstineate the mode shape,
the amplitude of the radial motiomy, is approximated by(f) = Wcos(2(f Y))
whereW is the maximum amplitude of the displacement &nid the angular location

as measured from tHe, axes (Fig. 4.5). This is an approximation of the true shape
given in Fig. 4.1. The amplitude of motion at the rst and sed@ctuators would be

W cogq2Y) andWsin(2Y') respectively. Thu¥ y, the angular location of anti-node of
the high frequency mode, can be approximated by

1 V2

Y= itan v
1

(4.1)

In the case of the unperturbed Macro DRG, 75 degrees.

Using (4.1) to nd the anti-nodes is particularly attraeiteecause it does not re-
quire any experimentation besides the initial frequenspoase test to approximate
the location of the anti-nodes. It appears to be slightlg lscurate than the estimate
found by directly usingd and would result in a minimal split of approximately 0.3
Hz if tuning were attempted at only this predicted locatidiis method can be im-

proved if one abandons the notion of using only one angulzation for tuning, as
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Figure 4.5: lllustration of the assumed mode shape of the rirsing
w(f) = Wcos(2(f Y)), whereY indicates the location of the anti-nodes of the
mode shape, and is the radial displacement of the mode shape as a functiomeof t
anglef . This notation will be used to approximate the mode shapaent2 Cori-
olis-coupled modes of the Macro DRG.

in the following section. In this improvement, after eachgmet is added and a new
empirical frequency response is performed, a new modehpetsr set is found with
a new anti-node location. This new location is the targetiiernext added magnet.
Essentially, the effect of the estimate error is negatedchasing” the location of the

high frequency anti-node around the resonator.

4.2 Tuning by Exact Placement with Iteration

If one attempts to tune the sensor by simply adding all thenatsgat once to the
anti-nodal axes of the high frequency mode, a small errositipning can have a
large effect on the nal modal split. It seems necessary toaly “follow” the high

frequency mode as mass is added. The following step by sgepithim does exactly

this.

1. Measure the 2 2 frequency response of the nominal untuned structure. hése t
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. Frequency Split| Measured? | Location of added magnef
lteration # q (Hz)y p (degrees) (degrees from x axigs) % of magnets adde
0 1.54 77.9 78 2
1 1.22 76.5 77 2
2 0.8 75.6 75 2
3 0.5 72.7 73 2
4 0.17 63.8 64 1
5 0.1 33.5 33 1
6 0.1 72 NA 0
Total Number of Magnets 10

modeling algorithm to nd the moddIM; K; C; Rg.

Table 4.1: Sample execution of iteration algorithm.

2. UseM andK to nd Y. Place a magnéty from D4 axis .

3. Repeat 1 & 2 until the frequency split is suitably small.

The results of this algorithm are presented in Table 4.1 agd. .7 and 4.8. The
resulting frequency split of:@ Hz is adequate given that a discrete number of magnets

are used. Notice that frequency appears to move in the sameidn with the rst

few magnets. This suggests that there is some bias to oumapyation ofY . This

is most likely caused by the fact that the mode shape is natairee as that of a ring,

which will add to the error in the approximation iy .

This method proves successful, but lacks elegance and vireuttif cult to put

into practice on the SIDRG. A more elegant method is preseintéhe next section

in which the anti-node is essentially “trapped” between spokes on which tuning

masses are added.
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Figure 4.6: The sensor tuned using the iterative exact plaoé algorithm. Each
black circle represents one magnet. Magnets are placedeorstimated location
of the anti-node of the high frequency mode. Note that magtetement is only
dependent on its the counter-clockwise angle from axesedDihcoordinate system.
Thus magnets can be added in a somewhat balanced mannesyas sh

4.3 Frequency Tuning Using Mass Perturbations at the Spokes

When the tuning problem is generalized to allow two tuningptens the solution is
much more robust to errors in magnet placement. By choosasggnoading locations
on either side of the anti-node of the high frequency modeattii-nodal orientation is,
in a sense, trapped. For a MEM structure such as the SiDR&eésiest to add mass
at the spokes of the resonator (visible in Fig. 3.1 as thectires that join adjacent
rings and form a radial pattern) that are closest to theraode. In this scenario the

perturbed mass matrix is given by
M(ai;az) = Mo+ aiDi+ azDy; (4.2)

whereD; andD, correspond to the mass matrix perturbations associatécthatad-

dition of mass to the two tuning spokes. The number of magaddted to the two
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Figure 4.7: Each plot shows the two diagonal channels opedlavhen the iteration

algorithm is employed. The nal frequency split in this caseeduced to less than the
0.1Hz resolution of the frequency response.
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Figure 4.8:Left: Plot of the frequency split between the high and low freqyenc
modes as masses are added in Fig. 4.7. The split steadilyadesin a linear fashion.
Right: Plot of Yy (using the generalized eigenvectorshdfandK). The axes ap-
pear to turn clockwise, meaning that the masses are comdysteeing placed slightly
counterclockwise from the axes. This is probably causedhbyfdct that the mode
shape for this structure is more complex than a single haier(@s in a ring) giving
the approximation o¥ y some bias.

spokes for tuninga; anday, can be calculated by solving the generalized eigenvalue

problem
min: 1 1>
subjectto: 1> 0;i= 1,2
4.3)
[1M(az;az) K>0
I-M(ag;az) K< O:
This optimization simultaneously forcés and/ , to become the largest and smallest
generalized eigenvalues bf andK and variesa; andas to minimizel ; [ 5. If the
spokes are chosen correctly, the nal cost will be zero aredrésultinga; and as

will create degenerate modal frequencies. Again this ap#tion was solved using

Malab's LMI toolbox.

The tuning algorithm can be outlined in a three step procEsst, a model is t
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to the data for the unperturbed Macro DRG (represented 'lip Fig. 4.10), andY 4

is approximated as 79 degrees using (4.1). The approximatiplies that the anti-
node of the high frequency mode falls between the two spatesded 4 and 1 in the
left-hand illustration of Fig. 4.9. Thus, these spokes &@sen as the targets for mass
placement. The second step acts as a calibration step forabe matrix perturbations
D; andD,. Two magnets are added to spoke 4 to represenbDihgerturbation and
an empirical frequency response is measured. Then, twoetsgre added to spoke
1 and a third frequency response is measured. Using the fitegeency response
sets, the model parametdnsly; D1; Dy; C; K; Ro; Rig are identi ed. Figure 4.10 shows
the three empirical frequency response sets measuredgdhwenrst two steps. As
expected, with each added magnet the resonant frequemcldbeir relative split are
reduced. In the third step the number of magnets that neeel aoltbed to each spoke,

ai andasy, are calculated from (4.3).

This optimization is solved witta; = 7:2 andas = 3:2, rendering the system
with M as in (4.2) degenerate. We can only add quantized amountass onto the
rings, so 3 masses are added to spoke 1, and 7 to spoke 4, as shtve right-
hand illustration of Fig. 4.9. The nal empirical frequenmgsponse is acquired and is
shown in Fig. 4.11. Note that the response in the off diagomahnels are signi cantly
reduced, which is a positive indication of a nearly degeteer@sonator. After model
identi cation is performed on this last data set, the s@ifound to be only 0.08 Hz,

and for all practical purposes the sensor is tuned.

The algorithm was then applied to an array of initial massithstions. For these

tests, a larger magnet (diameter 3.2 mm) is placed on thédewtsrface of the out-
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Figure 4.9:Left: Illustration of the identi ed spokes for mass loading foetexample

in the text. The gray axes represent the approximated adt@iraxes of the unper-
turbed Macro DRG. The small white circles represent wheedwlo magnets may be
placed to calibrate the spoke 1, and the two black circleeesgmt where two more
may be added to calibrate spoke Right: The nal orientation of the magnets that
successfully tunes the Macro DRG so that the anti-nodal aseétrapped” between
the tuning spokes. The calibrations in the previous stepsised to choose this orien-

tation.
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Figure 4.10: Frequency responses from steps 1 and 2 of thkespaning algorithm
with their corresponding t. The symbol "represents the empirical response from the
unperturbed case, ' represents the response when magnets are added only te spok
4, and } ' represents when magnets are added to spoke 4 and spoke 1solithe
traces represent the frequency responses of the modeldlat to the three data sets.
The model associated with this tis used to determine the Inemof magnets that are
needed on each spoke to achieve a tuned state. The freqesponse after the tuning
magnets are added can be seen in Fig. 4.11.
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Figure 4.11: The empirical frequency response of the uogsgt resonator is again
represented by ', and exhibits a split of 52 Hz. Using the model of the data in
Fig. 4.10, weightings of 3.2 magnets on spoke 1 and 7.2 magmespoke 4 are pre-
dicted to give a tuned state. "represents the empirical frequency response when 3
magnets are on spoke 1 and 7 magnets are on spoke 4. Themselkbiresponding to
this data is theredictedresponse using the model. The nal splitis 0.08 Hz.
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rangement. The results are shown in Table 1 and plotted iar&ig.12. The spoke
#% referred to in the table correspond to those in Fig. 4.9. Timaber of magnets
placed on each spoke after the rst three steps, includingdhused for calibration,
are shown in the fth and sixth columAsvhile the seventh column displays the result-
ing frequency split after these magnets are added. In eaehtlea split is signi cantly
reduced at this point, but in some cases an additional magnete spoke could fur-
ther reduce the split. Ideally the correct amount of mass$dcbe placed at the new
location of the anti-node of the high frequency mode to catgty eliminate the split.
We are, however, constrained to placement of mass only apbkes, and can only
add quantized amounts of mass. Thus, as a nal ne tuning, stepadd one additional
magnet to the spoke closest to the new anti-node of the hegjuéncy node if the split
is larger than some threshold. The threshold is a functierathount a single magnet
reduces the split, which, in the case of the Macro DRG, is aitra@0 Hz. Utilizing
what was learned from the experiment described in Fig 4.2agnet that is added
when the splitis smaller thanID Hz is guaranteed to increase the split. ThU®MHz

is chosen as this threshold.

The last two columns of Table 1 display the spoke on which tbtimnal magnet

is placed as well as the nal frequency split. In all but oneethe nal frequency split

2Unlike the example in the previous paragraph, only one meégnssed to calibrate each spoke for
each case. This reduces the possibility of placing more etaghan necessary on a spoke. In the case
displayed on the fth row, however, the approximated pasitof the anti-node of the high frequency
mode was close enough to spoke 1 that the optimization cdtbeldar nine magnets on spoke 1 and
zero on spoke 2 total. Since one magnet had already beerdmacspoke 2, an additional magnet was
placed on spoke 4, which cancelled out the effect of the iatlitn while still treating the perturbations
as “irreversible'. Thus the distribution of magnets after trst three steps is nine magnets on spoke 1,
one on spoke 2 and one on spoke 4.
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Large Magnet Initial First Second | Perturbation for | Perturbation for | Frequency |Final Tuning| Final
Placement Frequency | Spoke Spoke first spoke second spoke Split Spoke Frequency
(degrees) split(Hz) |(spoke#)| (spoke#)| (#of magnets) (#of magnets) (Hz) (spoke #) Split (Hz)

none 1.52 4 1 7 3 0.08 na 0.08

0 1.64 2 1 6 5 0.12 2 0.08

15 0.81 1 2 4 2 0.10 4 0.08

30 1.26 1 4 6 1 0.10 1 0.1

45 1.78 1 2 9 0 0.12 4 0.12

60 2.24 1 2 11 5 0.13 4 0.08

75 2.17 1 2 8 8 0.03 na 0.03

Table 4.2: Tuning results using the spokes algorithm witthous initial mass distri-

butions.

is below the threshold.The largest tuning mass perturbation was seventeen magnets
total. This altered the mass of the Macro DRG resonator by%.@uning a 0.14%

frequency split.

4.4 Theoretical Tuning with a Continuous Distribution

One process that would be possible with the SIiDRG that is osgiple on the Marco
DRG is the use of a continuous perturbation. In a way, thisldvaombine the two
algorithms. Using th®'s at the spokes we could nd an optimal continuous perturba-
tion intensity. With this algorithm, the total amount of redaken off at any point in

the ring could be minimized and a more “even” perturbatiomldde achieved. The

3In this one case the position of the anti-node of the hightfeeqy mode after the rst three steps
was far enough away from the ne tuning spoke that the add#tionagnet did not reduce the split.
A more complex threshold could easily derived for cases fiks, but have been ignored here for
simplicity.

52



16

©
o

14}

12+

i

~
o

0.8t

06+

Y high (degrees)
[o2]
(=]

a1
(=]

04+

Frequency Split (degrees)

B
o

02+

o
w
(=)

1 2 3

©
=
o

4 5 6 7 4 5 6 7
# of magnets added # of magnets added

Figure 4.12: Frequency split and location of the high fregpyemode's nodal axes
when the Macro DRG is tuned with the spokes and no additiamgélmass perturba-
tion is performed. The horizontal lines on the right hand pidicate the positions of
spoke #4 and # 1.

optimization problem described would be:
min: b
subjectto: b > aj;a;>0;i=1;2;:::;N
AN 12 <= Nmass
lowM < K; [ highM > K : (4.4)
I high> 0;l1ow> 0
I'high lTiow< €
fi= B
wherea; are the coef cients ot_)(fi), andM = Mg+ éizlaili_)(fi) and the parameters
e andN can be adjusted for better tuning or a ner grid. The restrﬁr{lilai <=
Nmass IS used to limit the total amount of mass perturbed. Figui& 4hows a test
of this optimization by interpolatin@(f ) from Fig. 4.4. The “density” of the ideal
perturbation (mass/angle) is plotted against angle féemiht mass restrictions. In the

point mass case, 9.69 magnets are placed.at Thus we started simulating “sweep
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tuning” with 9.7 magnets and found that the sensor could bedwith a 5 degree
sweep. As the amount of mass allowed is increased, so doesigie of the optimal
arc. With no restriction, the sensor can be tuned with 14.8dmats distributed evenly
across 45 degrees. Table 4.3 shows the numerical resulteedests. The fourth
column of the table (frequency drift) shows the differeneeneen the tuned frequency
and the untuned frequency of the lower frequency mode. Asard, the more mass,
the larger the “drift.” Thus by using the sweep method theran inherent trade off
between the amount of mass perturbation that one is wilbngake and the amount
of drift allowed. From the table, it appears that the 11 magase offers both a small

perturbation and a small “drift.”

One unexpected result is that the distributions are not sgimeraboutY . This
property results from the complex natureDgf ) and proves to make any “hands-free”
algorithm more dif cult. For now, it is necessary to make njaeparate perturbation
experiments to nely determinB(f ) before being able to run the optimization above.
Presumably, once an analytical expressiorCigdr) is obtained, the optimization could
be done after only two or three experiments, as was achievéteiother two algo-

rithms.

4.5 Tuning Conclusions

A mass matrix perturbation approach for tuning two modeseederacy in an ax-
isymmetric resonator has been developed and experimegn@lled on a large scale
replica of a disk resonator gyro. The approach essentiddgti es the perturbations

to the nominal resonator mass matrix created by the additioremoval) of a quan-
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Ninacs(# of magnets) Angle of sweey Mass density Frequency shift of lo
(degrees) (magnets/degree) | frequncy mode (Hz)

9.7 5 1.87 1.24

10 10 0.89 1.31

11 25 0.44 1.53

12 32 0.37 1.74

13 38 0.34 1.94

14 41 0.33 2.14

14.84 45 0.33 2.31

Table 4.3: Simulated data for for the “sweep” algorithm.

1.8
161 9.7 Magnets
141
121
1- 10 Magnets

0.8+

14.84 Magnes

0.6 11 Magnets \". 8
\ZMQTS :
S — e s WINIE

100

Mass Perturbation Distribution (Magnets/Degree)

/

Figure 4.13: The mass perturbation distribution for tunthiysensor while minimizing
the maximum perturbation at any one local and constrairtiegtdtal perturbation.
Clearly, as more mass is allowed, the angle of the sweep sngitland the maximum
mass distribution is reduced. This also has the side efieatever, of the reducing the
nal tuned frequency.

55



tized amount of mass at several judiciously chosen locatmnthe resonator. The
mass matrix perturbations are then used to estimate tHetats addition required at
each location to render degenerate the modal frequenctbe bivo modes of interest.
In practice, however, it is only necessary to reduce theueagy split to a prescribed
level. For vibratory gyroscopes, the modal frequency spldirectly related to the

signal-to-noise ratio (SNR) of the angular rate signalhvatrger splits reducing the
SNR. A rule of thumb for these sensors is that the modal frequeplit must be less
than the bandwidth of each mode in order to maximize the SNfhé present study
the bandwidths of each mode are approximately 0.12 Hz sottppisg criteria of

a 0.1 Hz split is justi ed. Since the allowable frequencyisf reduced in propor-

tion to the reduction in bandwidth of the modes, requiremeain be developed for
any proposed mass deposition/removal scheme. The quanizere of the mass per-
turbation in the present study limits the change in freqyesmiit to about 0.2 Hz per
mass quanta, which is again compatible with the stoppingraiderived from the res-
onator bandwidth. One can anticipate signi cant engimegdhallenges in developing
the fabrication machinery for mass addition/removal ommnasors with high quality

factors.

A promising direction to which the model tting tools can begied is the problem
of isolating selected resonator modes from linear accaberaf the resonator “stem.”
This problem is motivated by vibratory gyroscope applmasiin which the modes that
are exploited for angular rate detection are, ideally, napded to linear acceleration of
the sensor case. Coupling is always present in physicateeand produces spurious
angular rate measurements when the sensor is subjectebr&dion. It is desirable

to reduce the coupling to linear acceleration and this ismagdished in Part Il by the
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judicious removal or addition of mass at certain points @nrésonator.
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Part Il

Linear Acceleration Decoupling of the

Macro DRG
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CHAPTER 5

Experiment and Model for the Identi cation of Linear

Acceleration Coupling Parameters

5.1 Experiment Modi cation

The Macro DRG experimental setup described in Chapter 5 @i gtbto allow its
base to move somewhat freely in-plane, as seen in Fig. 5.4 r83onator is attached
at its center to a half inch diameter aluminum post 7.5 indfedew the location at

which it is clamped.

Sensing of base motion is achieved through two accelerom#tat are screwed
into a nylon sheath near the post's attachment to the resorigte nylon electrically
isolates the accelerometers from the DRG voltage bias. Gteerometer signals are
integrated so that they are proportional to the base vglodihe A; accelerometer
is placed so that its sense axis is parallel with the senstigyad S;, and theA, ac-

celerometer is placed so that its sense axis is 90 degreagecalockwise fromA;'s.

Whereas the capacitative sensors and electromagnetat@atoperate in the same
manner as Part |, their orientation has changed. Each dgwmalss fed to opposing
paired electromagnetic actuators so that the net force dortee entire resonator is
minimized. The second pair of actuators is placed 45 dedreasthe rst so that

they present “orthogonal” excitations with respect to th Coriolis-coupled modes.
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flexible hanging post

g,

Soiedmeared:

2PN

CNSES——

Figure 5.1:Left: The experimental setup of the Macro DRG, rigged to measneati
acceleration coupling. The resonator hangs from the exjbst so in-plane move-
ment of the base can be picked up by the attached accelemsmeéxe the right hand
side of the resonator, near one of Dgactuators, two stacks of 3 small NdFeB mag-
nets can be seefop Right: A view from underneath the resonator con rms that the
resonator is actually suspended above the overall lBsttom Right: A diagram of
the experimental setup for the Macro DRG.

Finally, a pick-off is placed 90 degrees from each electrgmegic so that the two

pick-offs are 45 degrees apatrt (in a likewise “orthogonalaagement).

The block diagram for open loop system identi cation for {ivear acceleration
to sensor mode transfer function is shown in Fig. 5.2. Theteigannels of the Macro
DRG frequency response are shown in Fig. 5.3. A 10 secongd slgnal in a neigh-
borhood of the n=2 Coriolis-coupled modes is used to drieedttuators, giving the
frequency response alOHz resolution. In the left two quadrants, tBg S, A; and
A, responses are shown when the chirp signal is appli€d twwhile D, = 0. The right

channels show the responses when the chirp is appliBd while D1 = 0.
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Figure 5.2: Block diagram of the testing setup designedeatifly linear acceleration
coupling parameters.

5.2 Empirical Estimation of The Coupling Matrix

The linear acceleration coupling model assumes that thetdn of the resonator

couples to the velocity of the post by a constant masike.
2 3 2 3
§"L-83" £: B=Bo+ éN DB(m;fi); B;Bo;DB(m;fi) 2 R % (5.1)
Vo &7 i=1
wheres; ands, are the radial velocities of resonator&tandS, while v, andv, are
the velocities of the structure Ai andA;. The coupling matrixB, can be represented
by the sum of the coupling matrix for the unperturbed resom&, and the changes
in the coupling matrix for each particular mass perturbgtidB(m; f;). The bar over
the coupling matrix denotes that it is constant with respedtequency: The radial
velocities can be thought of as a measurement of the “vglosiates of the Coriolis

modes and, becaugis a real matrixy;, andv, are simply linear combinations of

these states.

The experimental setup enables the measurement of a cougbleed 2 2 transfer

1This model was chosen using the model derived for a ring iratgu (5.9) of Section 5.3.2 as a
guide. The signals; ands, here act as measurements for the(2¥9 and sir{2Y) terms of (5.9).

61



vl/d1 and sl/d1 v1/d2 and S, /d2

-20 -20
30 HV l/d 1 — -30
%\ -40 Jo0 -40
?%? -50 -50
=60 .. 60} . ST\ T
-70 s./d, -70
-80 -80
1635 1640 1645 1635 1640 1645
v /d and s_/d v /d_ and s._/d
20 2™ 2™ 20 272 272
-30 -30
@ -40 -40
§ -50 -50
= -60 -60} .
-70 -70
-80 -80 i
1635 1640 1645 1635 1640 1645
Frequency (Hz) Frequency (Hz)

Figure 5.3: The 2 2 frequency responses of accelerometer velocity measateme
(dotted linesy1 andvy) and capacitative sense measurements (solid Isgendsy)
with a chirp input from each driver.

function,B(w) (Figure 5.4). This so-called coupling transfer functiande ned as

B(w) = Hy(w)Hs Y(w) (5.2)
where
5 S Vi v
Hs(w) = i a (") & £ andHy(w) = 9 (W W £
F(w) Z(w) g(w) #w)

The real and imaginary parts of a sample measuremedtwj are shown in Fig. 5.5.
Ideally B(w) would be real and constant with respect to frequency in ahfseidhood

of the Coriolis-coupled modes. In this experiment, howgetrex small imaginary part
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Figure 5.4: Block diagram for identi cation of the couplimgatrix, B(w), from mea-
sured responséd4, andHs.

and the small slope can largely be attributed to the dynaatfittee post. These dynam-
ics are linear with respect to frequency in the narrow fregyaange encompassing
the Coriolis-coupled modes, but change as mass pertunisagie made to the struc-
ture. Because it is dif cult to compensate for the effect loé ppost, each of the four
components of the real, 22 coupling matrix,B, are approximated by averaging the
corresponding real parts B{ w) at the frequencies of the two Coriolis-coupled modes,
i.e.

B= 2 (B(w)+ B(w)) (5.3)

wherew; andws, are the two frequencies of the n=2 Coriolis-coupled modes.

5.3 A Model for Mass Perturbation Effects on the Coupling Ma-

trix
5.3.1 Empirically Derivation of the Model

An experiment is conducted to measDE(m; f ), the change in the linear acceleration
coupling matrixB of the Macro DRG for a single mass perturbation. All perttidyes
are constrained to the ring with the second largest radiugs gossible to quantify

the effects of mass perturbations performed on differensriout is not necessary for
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Figure 5.5: The real (left) and imaginary (right) parts o tbur components d@&(w).
The slopes of the real parts and the small imaginary part$kaly caused by post
dynamics in the region of the modes of interest. A constardl coupling matrix,
B, is calculated by taking the average of the real partB(@f) at the two resonant
frequencies.

this discussion. The rst part of the experiment tests thediity of theDB function
with respect tan. A measurement d was taken each time an additional magnet was
added to the spoke 11.25 degrees counter-clockwise fropotsigon of thex axis and
the difference between the measured perturbed couplingxnaetd the unperturbed
one, denote®, in (5.1), was computed. The experiment was repeated 5 timasler
to assess the repeatability of the results. The mean andiesthdeviation of the results
are shown in Fig. 5.6 and have a relatively small deviatioreast squares linear t
closely ts the data shown in the gure, con rming th&B is adequately linear with
respect tan. In the second part of the experiment, the mass perturhatioronsists
of 6 small magnets whereas the angular locatfonis varied. The matriB is then
measured separately when the perturbation is made to eslcl b6 spokes as well as
the 16 midpoints between the spokes. The difference betes@emmeasured coupling

matrix, B, and the unperturbed onBg, are shown in Figure 5.7. The experiment was
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Figure 5.6: An experiment that tests the linearityp&with respect ton. Five separate
tests are done in which the value Bfis measured as magnets are added to the rst
spoke. Magnets are attached in two stacks so that the namti#s 12 magnets is
performed with two stacks of six magnets. The average ofdhedhannels obB are
plotted as the dots whereas the error bars give the standaiatidn of the tests. The
solid line is a least squares t to the averaged data. Thenagan thatDB is linear
appears to be appropriate.

repeated 5 times and the plots show the mean and standaadide\f the results and
con rm that the results are highly repeatable. Each soiid In the four channels in
Fig. 5.7 is a t using the discrete Fourier transform (DFTatls performed on each

averaged sequence. The formula for the DFT for this case is

Likn

31
xi(jk) = A DEQVE(6;f|+1)e 3z k= 0;:::;31fori;j= 1;2: (5.4)
1=0
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Figure 5.7: The four components of the perturbation mabB, as found in the angu-
lar placement test. In this case the coupling maBixyas measured as a 6 magnet test
mass is placed at each of the spokes as well as the midpoib&tween the spokes.
The perturbation matrix is taken as the difference betwkercoupling matrix of the
perturbed resonator and the coupling matrix associatddthatunperturbed resonator.
The test was repeated 5 times and the error bars represestatitard deviation of the
data. The dotted trace is given by the rst and third harma@pproximation, (5.5),
whereas the solid trace utilizes the 16 harmonics as caézlissing the DFT, (5.4).

The superscriptk) on Xi(jk) denotes that it is thith component of the vectof;; and
the superscript AVE abovBB denotes that it is the averaged value for that value of
f1+1. This DFT factors the original functions into a weighted sahmarmonics. The

magnitudes of the rst sixteen harmonics are shown in Fi§. &lsing onIyXi(jl) and
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Figure 5.8: The magnitudes of the discrete Fourier transfof mean values plot-
ted in Fig. 5.7. The four bars of each grouping are@Bg1; DB1o; DB»1; and DBy,
components respectively. It is clear that the rst and thiadmonics dominate the
perturbation function.

Xi(j3) (i; ] = 1;2), the linear acceleration perturbation function can @yxmated as
2 3
m 9 2:77cogf +0:78 )+ 1:05co43f +5:51 ) 2:69sinf+0:88 )+ 1:02sin3f + 6:62 )Ez)

DB(m; f) 52

2:81sin(f+7:17 )+ 1:16sin(3f +5:76 ) 2:68cog4f +9:98 ) 1:08cog3f 1:.93)
(5.5)

wherem is the number of magnets added. This function is plotted @gthy dotted

traces in Fig. 5.7.

5.3.2 Comparison to the Derived Ring Model

The analysis Zhbanov et al., which addresses hemispheesahators, suggests that
linear acceleration coupling can be eliminated by balajmanly the rst and third
harmonics of the angular mass distribution. The same aoalytechnique can be

applied to a ring to reach the same conclusion, as followst,Rhe center of mass is
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expressed in itx andy components, denoted, andC, respectively. Next these are
decomposed into static and dynamic parts such that

sinwt
2 Myjng+ éi’\llmi

sinwt

Cx= Co+Cy
X X0 Cx 2 mring"'éililm

andCy = Cyo+ C) (5.6)

wherew is the frequency of vibratiomying is the total mass of the symmetric part of
the ring andN is the number of discrete masses, which cause the deviation from
symmetry? By applying the mode shape of the n=2 Coriolis-coupled m¢®2id), the

dynamic parts of the center of mass position can be written as

C? = coq2y)al ,m[3cosfi+ cosF ]+ sin(2y)aN ,m[3sinf;+ sin3f;]
oy

cos(2y)é’1i’ilm[ 3sinfj+ sin3fi]+ sin(2y)éi'\ilm[3cosfi cos ¥i]
(5.7)

wherey is the angle between the modal axes andxlagis and theN total masses
have angular position§, as illustrated in Fig. 5.9. One can express this relatipnsh

using a coupling matrix for a rin@ying, that has the same form as (5.1):

2 3 2 3
§ S 1og, § ) ¢ (5.9)
oy ’ sin(2Y)
where
2 3
Bing = 9 4, m[3cosf{+ cosFi] &,m[3sinfj+ sin3fj] g: 5.9)

aim|[ 3sinfj+sin3f;] a;m[3cosf; cosJ]

This equation reveals that, in theory, linear accelerationpling is only caused by

mass distributions with non-zero rst and third harmonitext, the change iEring

2The denominators of (5.6) are factored out of the dynamitsgacause the total deviation from
symmetrya my, is much smaller than the total mass of the resonator, mgdéma that the denominators
are effectively constant.
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Figure 5.9: Basic diagram for ring linear acceleration dmgpanalysis. The dotted
shape represents a possible mode shape for the ring, wittodat axis an angle’
from thex axis. The position of the single attached mams,oscillates with the ring,
thereby causing the center of mass, shown here aso oscillate as well.

for a single mass perturbation is de ned as
2

3cosf + cosT¥F  3sinf + sSin3f
md £.

D§ring(m; f)= (5.10)

3sinf +sin3f 3cosf cosdF

This result can be compared directly to the experimentalehgven in (5.5). The
perturbation relationships are very similar in that bot laxvear with respect tomand

are dominated by the rst and third harmonicsfaf
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CHAPTER 6

Two Decoupling Methods

6.1 Decoupling Using the Experimental Perturbation Functon

The model derived in the previous chapter is ultimatelydatied by its usefuleness in
driving each of the elements &to zero. Thus, the decoupling problem is stated as

nding the combonation oN massesp;, placedzat po3sitionsi, such that

Qo=

B+ 3 0B(m:f)= 8  E 6.1)
=1 00

The decoupling method discussed in this section, dubbedstiekes method,” re-
stricts angular locations for perturbations to the logaiof the spokes. The spokes
are logical locations for adding mass because the pertarbegsults from the previ-
ous section were measured at the spokes. The spokes ardgisosotargets on the
SiDRG. Assuming thabB(m:; f ) is linear inm, one only neede to choose 4 locations,

F=1fy;f2f3fs0,s0thatasolutiom= m m, mg my existstoA(F)m=Db

where

2 3 2 3
DB11(1;f1) DBi1(1;f2) DBi1(1;f3) DBii(1;fa) B11
DB1o(1:f1) DBia(1:f5) DB1o(1:f3) DBio(l:f B
A(F) = _12( 1) _12( 2) _12( 3) _12( 4) b= _12
DB21(1;f1) DB21(1;f2) DB21(1;f3) DB2i(1;fa) B21
DB22(1;f1) DBaa(1;f2) DBoa(1;f3) DBa(1;fa) Boy:
6.2)
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A solution can be chosen from the many possible ones by thiemzation

g
Fafatata
subjectto:A(F)m= b 6.3)
def(A) 6 0
fi2 fspokes M 0;i=1,2,3;4
in which themy 0 constraint is in place because mass cannot be removedsin thi
scenario. The cost function is chosen so that the sum of tlgnitoaes of the per-
turbations is minimized. Note thatDB used here is simply the averaBB found in
the angular perturbation experiment at the spoke locatigvith only 1820 possible

setsf fq;fo;f3;f40,itis not computationally dif cult to perform this minimetion by

evaluating the cost function for each set.

The unperturbed coupling matrix found using the data in %i§is used to start the
process which can be followed in the Table 6.1. The magnetsdded to the locations,
fi, with number of magnetsyy, as given by optimization (6.3).A new value of the
coupling matrix is found and the process is repeated urdilogptimization suggests
that each valuen is less than ®. The linear acceleration coupling is assessed by
computing théd, norm of the forcer/accelerometer transfer function in ghlkeorhood

of the n=2 modes. This is discussed in more detail in the resttan.

10ne could also construct a cost function which would attempiinimize the nal coupling caused
by the use of quantized amounts of mass. Indeed, if the pation function showed no deviation, such
a process would eliminate the left over decoupling causegiiayntization error.

2When following the optimization, the choice was made to $jrpund the optimized results to the
nearest integral value.
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kHK, Optimization Solution Added number of manget
(m/s/mV) Angular Locations (degrees) number of magn¢f@r next perturbation
First Step 192.9 191.25, 213.75, 258.75, 281.2p 7.0, 13.3, 5.3, 4.4 7, 13, 5, 4
Iteration 1 67.2 33.75, 146.25, 168.75, 281.2b 3.3, 1.0, 0.9, 3.0 3, 1, 1, 3
Iteration 2 8.1 11.25, 123.78, 236.25, 348.76 0.1, 0.4, 0.1, 04| 0, 0, 0, a
Total magnets added
37

Table 6.1: Linear acceleration decoupling using the spoiethod.

6.1.1 Quantifying Coupling Reduction

The exact and approximated values of Hyenorm ofHy in the frequency banfy; fo]

are given by

z

f N
kHngz fztr(Hv(f) Hy(f))df é tr H, fi+kDs Hy fi+ kDs Ds
1 k=0

where tr() gives the trace of a matrix aht} is the conjugate transpose df. The
H> norm is important because it facilitates the calculatiorihaf system's response
to a white noise input. More speci cally, when a band-lindite’hite-noise input of
intensitygig\/?fZ is fed to the system the output intensity is givendbkydko. The ap-
proximated value okHyks is tracked throughout the linear acceleration decoupling
process, usingi = 1620 Hz, f, = 166(Hz N = 400, andDs = 0:1 Hz. The nal
valuekHoks is less than 5% of the nominal value, con rming that there Egni -
cant reduction in coupling. The value ofl, Hy) is plotted at each frequency point
before and after decoupling in Figure 6.1. The reductionompting is also qualita-
tively con rmed in Figure 6.2, which displays the accelerter outputs before and
after decoupling with uncorrelated band-limited whitasganputs to the electromag-
netic forcers. Figure 6.3 displays the corresponding p@pectrums before and after

decoupling, averaged over 20 such tests.
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Figure 6.1: A plot of trd,Hy) before and after the two decoupling methods were
implemented. Each of the methods exhibit over a 95% reduatitheH, norm of the
forcers-to-accelerometer transfer functions. For refegethe transfer functioH, is

the solid trace plotted in Fig. 5.3.
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Figure 6.2: Uncorrelated band limited white-noise inputdvg0 mV/p Hz spectral
density are applied to the two electromagnetic drivers irmadbencompassing the
modes of interest. The input noise power is the same in batiscal he velocities of
the post are measured before (gray) and after (black) déogup performed using
the spokes method.
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Figure 6.3: The averaged power spectrum of both accelesymetith uncorrelated
band-limited noise inputs with a 50 mVVHz spectral density before (gray) and after
(black) decoupling is performed using the spokes method.

Since linear acceleration coupling causes energy to bsfeared from the Coriolis-
coupled modes to the lightly damped post, it can also recequality factors of the
modes of resonator. These quality factors can be extrac@dmng down test by excit-
ing a single mode and then observing the decay rates aft@xtti@tion is removed.
Figure 6.4 displays the Itered peak amplitude of the outguting ring down tests
performed before and after decoupling. The quality factahe low frequency mode
increases from 6.8K to about 7.8K after decoupling whileghality factor of the high

frequency mode increases from 7.9K to about 8.0K.
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Figure 6.4: A ring down test is performed on the resonatooteednd after decoupling
is implemented and the time responses of the peak outpugg@ted. The quality

factors are approximated by the slope of linear least sqtsite the data. The low

frequency mode shows a marked increase in its quality factor
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6.2 Decoupling Without a Measured Perturbation Function

The linear acceleration decoupling process discussedeiptévious section works
very well for the resonator under test and demonstratesstmiility of reducing lin-
ear acceleration coupling through mass perturbationss 3&ction presents a more
generalized and more robust method. The rst improvememionges the need for a
previously measured perturbation function. This considrincreases the appeal of
the method because, when other resonators are fabrichgegetturbation functions
will likely be different. The “spokes” method, which, as itemented in the previous
section, requires that 16 irreversible perturbations bdenta the resonator in order to
derive its perturbation function clearly involves moretiteg than necessary. In con-
trast, the method discussed in this section, dubbed theetgémethod,” approximates
the rst and third harmonics of the perturbation functiorttwas few perturbations as
possible and then updates the perturbation function as dateeis gathered. The sec-
ond improvement over the previous method removes the @nsthat perturbations
only be made to the spokes. By allowing perturbations to fd&ee at any angular
location, fewer perturbations are needed and the procesbecased on devices that

do not have strongly preferred perturbation locations.

6.2.1 Online Approximation of the Perturbation Function
For the general method, the perturbation function usesthelyst and third harmon-
ics so that each component can be expressed as

DE(m;fi)ij =m xi(jl) cosf + xi(jz) sinf + xi(f’) cos¥ + xi(j4) sin3f (6.4)

77



where eaclx;j is a vector of the weightings on the cosine and sine termseofrtt
and third harmonics. WittN 4 calibration measurements BB, the perturbation

function can be estimated by nding the least squares soiudf

2 3 2 3
mpcogf1) msin(fy) mcog3f1) msin(3fq) D§ij (mq; fq)
mpcogfz) mpsin(fz) mpcog3fz) mMpsin(3fy) . = DB;j (m; f2)

ij =
mycoqfn) mysin(fn) mycog3fn) mysin(3fn) DEij (mn; )
(6.5)

fori;j = 1;2. Thus, a notable feature of this method is that perturbataf greater

magnitude have a greater in uence on the approximation@prturbation function.

6.2.2 Solution to the General Decoupling Problem

The two harmonic perturbation function is now used to ndmns to (6.1) in which
fi 2 [0;2p). The minimization, (6.3), is generalized to

g

fl;lp;lf‘r::;f4i§1m
subjectto:A(F)m= Db (6.6)
de{A)6 0

fi2[0;2p);m 0;i=1,234
in which the spoke restraint has been removed anditheatrix is constructed using
the two harmonic perturbation function calculated using)@nd (6.5). Though the
problem is not convex, the steepest descent method appeeos\verge to the global

minimal solution when the solution to (6.3) is used as anahdondition [25]. The

minimal result is at the edge of the feasible region, meattag the difference be-
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tween two of the optimal angular locations is arbitrarilyadhicausingA to be nearly
singular) and/or one of the optimal mass magnitudes israrbit close to zero. Thus,
at least one of the masses is redundant and the solutionlgatguires only two or
three point masses. A comparison to solutions found in theakiure are mentioned in

Section 6.2.5 and discussed in detail in the Appendix.

6.2.3 Choice of Initial Perturbation Locations

At the beginning of the general decoupling method, fourration perturbations must
be made that allow an initial estimate of the perturbatiorcfion. These perturbations
should be done in a way that allows a balanced estimate ofdtiarpation function

while not adding additional coupling to the system.
In order to ensure that an equal emphasis is placed on thandthird harmonics,

the four test masses of equal magnitude should be spacegltbsifollowing relation

fi =f, p=4 (modp)

f3 p=2 (modp) (6.7)
fa 3p=4 (modp):

Essentially, this restraint forces the locations to be nse@l than 45 degrees apart.

One may choose any four locations that satisfy restraif,(6hough, it is advan-
tageous to choose locations that also reduce coupling.gfhowde, the perturbation
function for an axisymmetric ring generally approximates perturbation function for

any axisymmetric device. Thus, itis used to guide the repstOne chooses locations

3This restraint actually guarantees that the condition remolb left hand matrix of (6.5) is 1 when
N = 4 andm = mp = mg = my, meaning that an error in any measuremeridBf; will not dispropor-
tionately corrupt the approximation .
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that best reduce the imbalance parameters by solving
2 3

&t ,3cosfi+ cos T
o 4 H H
ai,3sinfj+ sin 3f;
min b’ ! | |
f1f2ifsifa air, 3sinf;+ sin3f; (6.8)

at,3cosfi cosT,
subject to:fj 2 fspokesandf; satis es (6.7) fori = 1;2;3;4:
Thef; 2 fspokesrestraint is added here to simplify the minimization. Usliptimiza-
tions (6.3) and (6.6), which theoretically determine theaktons and magnitudes of
perturbations that eliminate coupling, optimization j@lgoretically determines the
locations that will cause the greatest reduction in cogplar set perturbation magni-

tudes.

6.2.4 Implementation of the General Decoupling Method

Now the previously developed solutions are used to guidegtreeral decoupling
method. The steps to this method can be followed in Table Ba2.this implemen-

tation of the general decoupling method, two magnets weed as each of the four

kH K, Optimization Solution Added number of manget
(m/s/V) Angular Locations (degrees)| number of magnetdfor next perturbation
Calibration 1 192.9 56.25, 101.25, 146.25, 191.2% NA 2, 2, 2, 2
Calibration 2 195.9 234.45, 299.16( 19.96, 14.59 4, 4
Calibration 3 163.3 336.93, 96.92, 216.9] 6.7, 0.43, 28.90 6, 0, 6
Calibration 4 140.5 187.0, 260.35( 12.5, 12.4 8, 8
First Attempt 44.5 165.8, 234.2| 3.47, 4.09 3, 4
Second Attempp  11.9 58.9, 179.9, 299.9] 0.541, 0.8371, 0.33 0,0 1, O
End 10.6 50.41, 312.2| 0.54, 0.31 0, 0
Total magnets added
52

Table 6.2: Linear acceleration decoupling using the géne@upling method
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calibration points in the rst step, and the change in thepdimg matrix is measured

for each calibration mass added. Despite attempting to laeldnasses in a way that
reduces coupling, it appeaksiy ks increased slightly from the initial value of 192.9
m=s

Ty This demonstrates a potential pitfall of putting too muatitfin a prede ned

perturbation function.

For the next step, two more calibration masses, made up ofnfi@gnets each,
are placed at the two locations suggested from optimizg€6d@). For cases in which
three masses are suggested, the calibration masses ahg giaced at the two points
requiring the most mass. The measurements are used tamexst; 1; X12; X21; and
X22. The third and fourth calibration steps use 6 and 8 magnstentively, and the
estimates of the two harmonic perturbation function achigneater accuracy. A plot
of the estimated perturbation function can be seen in Fig. Bhe last two steps use
the re ned model to guide the placement of the last few magindthe process is

terminated when all suggested mass perturbations arehi@s®t6 magnets.

The trH, Hy) is plotted versus frequency in Fig. 6.1 so the result candpepared
to the result using the spokes decoupling method. Again¢tlgling is reduced by
a large degree. The general method did, however, requirgarlaumber of magnets
than the spokes method. This can likely be attributed to e af a less accurate

perturbation function.
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Figure 6.5: A plot of the (1,1) component &B(1;f) as measured during the
calibrations for the example of the general decoupling weth The diameter of
the circles scales with the magnitude of the perturbatioedul®r each calibra-
tion step. The rst and third harmonic approximation of thertprbation function,
cosf sinf cosJ¥ sin3f Xxj; is plotted using the solid line. This approximation
is used to guide the nal two decoupling steps. The dotteeligthe rst and third har-
monic approximation that was shown in Fig.5.7. Though itsdoet precisely match
the previous approximation, which utilized more pertuidrad, the new approximation
is still a useful decoupling tool.
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6.2.5 Comparison To Literature

Problem (6.1) can be reformulated as
2 3 2 3,

éi’\ilm cogfj) XL

&z msin(fi) 7 X1,

|
(e

(6.9)
&%, m cog3f}) X

aN , msin(3f;) xJ5

by combining (6.1) and (6.4). Methods for solving this forfrttte problem are given
by Fox et al. and Zhbanov et al. [24, 10]. Fox's method nds tmass solutions
when they exist, and these solutions agree with the endtrefsoptimization (6.6) in
these cases. When the solution requires three masses,drpfex's method does not
give a solution. For example, if the right hand side of (6@)a&estog0 0 1 0 T,
then three masses are required for decoupling. Zhbanowkadas complete and
simple, but requires four masses, and generally requirgse mass than the solution

to optimization (6.6). The results to optimization (6.6hdae expressed in a well

posed manner that is clearly shown in the Appendix, along wailter results.

6.3 Conclusions

A method for identifying the four parameters that charazésthe coupling of Coriolis-
coupled modes to linear acceleration on an axisymmetranasr has been developed
and experimentally veri ed on a large scale replica of a diskonator gyro. Once
these parameters are found the approach essentially etetite perturbations to the
nominal resonator's coupling matrix created by the addior removal) of a quan-

tized amount of mass at several judiciously chosen locatanthe resonator. New
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methods have been developed that then guide successagoitsr of mass addition
(or removal) that successfully remove a large amount of éwecé's inherent coupling

and increase the resonato@'

Unfortunately, the method that was used to measure the ioguipl the last two
chapters would be dif cult to perform on a micro scale devigedual experiment, in
which the base is excited and the resulting motion of thena®os' rings are mea-
sured, is more apt. This dual experiment is implemented erMhcro DRG in the

next chapter.
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CHAPTER 7

Linear Acceleration Decoupling Using the Dual

Experimental Setup

7.1 Introduction

In Chapter 6, linear acceleration decoupling was achieyeddng associated param-
eters from measured frequency response data. The requeggeehcy responses used
electromagnets at the exterior of the ring to drive the madesterest and measured
coupling by observing the acceleration of the central pasis method was chosen
because, in the case of the Macro DRG, this con guration weasadly the easiest one
to accomplish. In MEMs devices this type of test is dif cukkdause the base is not
allowed to vibrate freely. A complimentary way to measure limear acceleration
coupling is to shake the case and measure the response. ppinaaah is dual to the
test con guration described in Chapter 5. Indeed, the maason there is concern
about linear acceleration coupling is that, by allowingebagovement to disturb the

modes used for rate detection, spurious rate signals adeiped.

In this chapter, the coupling is viewed by forcing the posthaf Macro DRG and
using the capacitive sensors to measure the movement ofitemwst ring. The force
is exerted using two electromagnetic shakers that are scrgwo a plastic sheath near

the base of the post. Again, the measured frequency responsed to determine
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Experimental Setup for Shaker 1 §h Experimental Setup for Shaker 2 (gh Overhead Diagram of setup

- vl

Shy

Figure 7.1: A modi cation has been made to the experimergtds of the Macro
DRG. An additional plastic sheath is attached above thelawraeters so that elec-
tromagnetic shakers can be attached. Only the shaker thaing used is attached so
that its force is exerted through the center of mass of thiesys

coupling parameters and the coupling parameters are @as&y\change under mass
perturbations. The relationship is shown to closely rederttie measured coupling

parameters using the original setup, and then it is usedptemment decoupling.

7.2 Modi cations to Experiment

The Macro DRG that was used in the previous decoupling exygeri is modi ed to
permit controlled shaking of the central post. Two eleciagmetic shakers are screwed
into a hard plastic sheath that tightly surrounds the poke fivo shakers are placed
90 degrees apart in an orthogonal arrangement. An opeaai@onpli er is used to
amplify input current to each of the shakers to accommodatediatively low current
rating of the DSP. The four electromagnetic forcers and tamacitive sensors remain

at the same locations.

A block diagram for the new portion of the experiment is shawRigure 7.2. The
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Figure 7.2: Block diagram for the testing setup.

signal ows in much the same way as the electromagnetic foeecept no voltage
bias is required for the shakers. In order to generate rmgtit/multi-output trans-
fer functions, a 10 second chirp signal is rst sentstg while shy is set to ground
and the second shaker is actually remoVebhen, the second shaker is attached and
the chirp signal is applied tsh, while shy is set to ground and the rst shaker is re-
moved. The wideband transfer functions to the capacitivss@es and the screwed
in accelerometers is shown in Fig. 7.4 whereas the narrosvtvansfer functions are
shown in Fig. 7.5. The two Coriolis-coupled modes exhilghscant coupling to the
post motion. The shaker-to-accelerometer transfer fanstexhibit a small notch due

to a “vibration absorber” effect of the Coriolis modes wheugling is present.

The accelerometer-to-capacitative sense transfer fumgives the best notion of

LIf the second shaker remains, the rst shaker is no longexctid at the center of mass of the
system. Thus a torque is imposed on the system which effeetesults.
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Figure 7.3: A block diagram of the transfer functions inexlvn the dual experimental
setup.
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Figure 7.4: The (1,1) channel of the wideband frequencyaesgs from electromag-
netic shakers to the capacitative sensors and accelen@nete
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Figure 7.5:Top Group: The four channels of a narrow band of the measured electro-
magnetic shaker-to-capacitative sense transfer funcfibthis scale a clear coupling
can be seen from post forcing to the Coriolis-coupled modBedttom Group: The

four channels of a narrow band of the measured electromiaghetker-to-accelerom-
eter velocity transfer function. In this region of the respe, the dynamics of the post
are relatively constant except for a “vibration absorbéige caused by the coupling

of the Coriolis modes to linear acceleration.
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Figure 7.6: The four channels of the accelerometer-toestraasfer function,p(w),
found using (7.1). This transfer function is used to apprate a coupling matrix in
Section 7.3.

coupling. This can be calculated by
2 3 2 32 33
a(w) \S,—;(W)g: ﬁss—ﬁ(w) ;—Q(W)ggsv—ﬁ(w) sv—ﬁz(W)g

2(w) Z(w) Zw) FEw)  FWw) FEw)

Hyo(w) = 3 (7.1)

and is plotted in Figure 7.6.

7.3 Measurement of the Dual Coupling Matrix

As in Chapter 5, the linear acceleration coupling modelierdual case assumes the

modes couple to the velocity of the post by a real, 2 matrix,§D, that is constant
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with respect to frequency, i.e.
2 3 2 3

QT L-8°§ "L, gPoR22 (7.2)
S V2

wheres; ands, are the radial velocities of resonator&tandS, while v; andv, are

the velocities of the structure Ay andA,. The superscripD is used to represent that

this is the dual experiment. Thus, if the dynamics of theaysin a frequency band

encompassing the frequencies of the modes of interest wehasesely an effect of

those modes, a coupling transfer functi@¥,(w), could be found directly from the

“ideal” transfer functions re ecting these dynamics, i.e.
BP(wW) = (HS™) {(wWHE(w)

where 2 3

spideal s ideal

Hideal— § @ &
s syideal s, ideal.

d [N
WhenBP is measured using the raw functiods andHs, as is shown in Figure 7.7,
it cannot be approximated well using a constant matrix. dofately, the measured
transfer functionsHs andH,p, both include signi cant feedthrough terms so that in
reality Hs = Hi%a+ Fg andH,p = H/%3+ F,p whereFs andF,p are the feedthrough
terms toHs andHyp respectively. This complicates any approximatioBBf While Fs
appears to be simple ramping due to capacitative cougfpgappears to be caused by
more complex structural dynamics that actually change asmperturbations are per-
formed on the resonator. Thus, itis dif cult to compensatectly for the feedthrough.

The following subsection, though, describes how to acelyaalculateBP(w) with-

out requiring an accurate approximation of the feedthrough
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Figure 7.7: Real and imaginary parts of the estimate of thuploag function without
any compensation.
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7.3.1 A General Feedthrough Compensation Scheme

Though the feedthrough can be approximated as linear, thigocheescribed here can
be applied to any polynomial feedthrough. For the purpo$dsi® section, the order

of the feedthrough is not pre-de ned.

The functionLy (w; x) is de ned here as the matrix polynomial of degmhgevith
Ly(w;x) = H(w) for w2 x wherex is a set ofN+ 1 unique frequencies. A new
transfer function is de ned that can be calculated for anyegitransfer functiont:

H(w;x) := Hw) Ln(w;x). One useful property dfi (w; x) is
H(w;x)= Oforall w2 x: (7.3)
An interesting result of this property is that
(H+F)(w;x) HW)+FW) Luse(w;x) HW) Lu(wx) HA(w;x) (7.4)

if F(w) is a polynomial of degre8l or less. The functions(w) Ly+g(w;x) and

Ly (w; x) are equivalent because each are the unique polynomial dbatsH (w)

for w 2 x. Property (7.4) is powerful because it implies thkt= Hi%€? andH,p =

Hideal

ThoughH/¢a andHi9¢a! remain undetermined, it is possible to calculBR{w).

The BP(w) transfer function can be found by recalling thaf*3'  BPHia and
observing

Hs(w; x)BP(w)  HI%®(w)BP(w)  Ln (w;x)BP(w)
H/9%3(w) Ly (w; x)BP(w) (7.5)

Hio(W) Luo(w;x)  Hup(w;x):
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ThusBP(w) Hs 1(W; X)Hyp(W; x), meaning thaBP can be approximated directly

using the experimentally determinktd andHyp.?

The Ly (w; x) andLy,,(w; x) functions are approximated using a matrix polyno-
mial of order 1 because the feedthrough term appears to éarlimhe two de ning
frequencies inx are chosen 4 Hz above and below the higher and lower Coriolis-
coupled frequencies respectivélyThen Hs(w; x) and Hyp(w; x) are calculated, an
example of which is shown in Figure 7.8. FinaBy(w) is calculated and an example
of its real and imaginary parts are plotted in Figure 7.9. Xseeted, the function looks
largely constant with respect to frequency. The real andjinaay parts have nearly
the same magnitude but opposite signs. The four componétite coupling matrix,

B, are approximated by averaging the corresponding pamB®ait the frequencies

of the two Coriolis-coupled modes and altering the phaseakenthe matrix real, i.e.

B = ép; BP(wy) + BP(w») (7.6)

wherew; andws, are the two frequencies of the n=2 Coriolis-coupled modes.

7.4 Measurement of Perturbation Function

In the same manner as performed in Chapter 5, a perturbatrantién is derived by
measuring the perturb@lD as a single mass perturbation of six magnets is made at

each of the spoke locations. The valueOaf , the difference between the measured

2Again, the reason equivalency (7.5) holds is that there éswnique polynomial that can be added
to Hyp(w) to satisfy (7.3) makingP(w)Lp (w) equivalent td_p,p (W).

3In general, the choice of the frequencies should be madeaatiby are close enough to the
frequencies of interest to accurately measure the feeagrim the region, but not so close to those fre-

guencies that the amplitudestaf andH,p are severely reduced, making the estimatioB oflif cult.
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Figure 7.8: A visual representation of the procedure by Whig, (left) andHs (right)
are generated for the (1,1) channel of each. These restitmogons are plotted as the
thick traces. The linear functionky , andLp,,, are de ned so that it has the same
value as the measured data at two frequency points. Notethiwatgh it is linear, it
appears as a curve on this log scale. Finally, the longeredaihe is the result,
which can be used to estimaB&(w) as shown in Fig. 7.9.
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Figure 7.9: The values &P after the feedthrough compensation scheme is imple-

mented. The values at frequencies of the Coriolis-coupledes are used to approxi-

mated the coupling matrig".
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perturbed coupling matrix and the nominal coupling matape plotted as the top set
in Figure 7.10. The perturbation function derived in Chaptes shown as the bottom
set of plots. Clearly, the shapes of the functions are simis expected thél; 2)
and (2;1) channels appear to be switched in the dual. The DFT amp§toti¢he
dual perturbation function are plotted in the left hand mbFigure 7.11, with the
previous DFT shown at the right for comparison. Again, th& and third harmonics
are dominant. Thus the perturbation function appears tamotine hypothesis that
this measurement of coupling is actually the dual. In the segtion, the perturbation

function measured here will be used to perform decoupling.

7.5 Decoupling Using the Spokes

The decoupling method that uses only the spokes of the rescesmperturbation lo-
cations is utilized here to reduce decoupling in the systeimy.the dual measurement
of the coupling matrix and the corresponding perturbatiorcfion. The process can
be followed in Table 7.1. The only difference in the procedis that the operator
was allowed to place fewer magnets than the suggested aptifmhis is prudent be-
cause the perturbation function is less accurate and |peyéurbations may not give
the desired effect. Surprisingly, fewer magnets than weggrally suggested by the
optimization were needed to adequately decouple the systeeH, norm ofH,p is
calculated and the nominal and nal values oH{H,p) at each frequency are plotted
in Figure 7.12. The reduction in coupling is dramatic, bus itill not as profound as

seen in Chapter 6.

Finally, the coupling is measured using the setup in the &g and 6. The
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Figure 7.10:Top Set: The measured perturbation function for the dual problerth wi
measurements taken at the spoksttom Set: The measured perturbation function
as measured in Chapter 5. The fact that the two functions th&veame shapes, and
that the(1;2) and(2;1) channels appear to switch, con rms the hypothesis thaethes
are dual measurements of the coupling.
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Figure 7.11:Left: The discrete Fourier transform of the dual perturbatiorcfiom.
The four channels are each represented by a different stiaglayo The function, as
expected, is dominated by the rst and third harmoniRsght: The discrete Fourier
transform of the perturbation function measured in Chaptdihere are more harmon-
ics represented here because measurements were takeoesa$wnany locations.

kHyp k2 Suggested Placement From Optimization Added number of manget
(V/V) |Angular Locations (degrees from x ayis)  # of magnets [for next iteration
Nominal 11.58 168.75, 191.25, 213.75, 258.y5 1.9, 16.5, 4.53 10. 0 6 0 6
Iteration 1 6.56 191.25, 213.75, 303.75, 326.25 4.7, 10.1,, L6 2, 6, 2, 0
Iteration 2 3.74 191.25, 213.25, 258.75, 303.715 1.6, 3.8, 127 1, 3, 1, 2
Iteration 3 8.94 258.75, 303.75, 326.25, 348.715 0.89, 0.182/0.22 1, 0, 0, O
End 2.24 78.75, 191.25, 303.75, 326.25 0.13,0.09, 0.39, (.18 00,0, O
Total Magnets added
30

Table 7.1: Linear acceleration decoupling using the spokes
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transfer functiorH,, the transfer function from electromagnetic drive to thetpee-

locity when shakers to the post have been removed, is mehbefere and after the
decoupling in this chapter is performed. The values ¢ tH,) before and after de-
coupling are plotted in Figure 7.12. It appears that the mneglsreductions in coupling

are similar. Again, the dual nature of the two measuremearten rmed.

7.6 Conclusion

It was shown that a coupling matrix can be measured by egditiea post and measur-
ing the ring motion. A new feedthrough compensation schemag eveated to give
more meaningful measurements of the coupling matrix. Thelag matrix was
shown to behave in a dual nature to that of the coupling mdetwed by exciting the
rings and measuring post motion. Finally, a derived pedtion function was used
to successfully reduce the coupling when measured witteeitiethodology. The
methodology used in this chapter is closer to what would leesable on a typical
MEMS device. The general decoupling method developed irp@h& can easily be

adapted so that this dual measurement may be used to measwaupling matrix.
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Figure 7.12Top: A plot of tr(H, ;Hyp) before and after the spokes decoupling method
is performed using the coupling matrix as identi ed using ttual experimentBot-

tom: A plot of tr(H,H,) before and after the spokes decoupling method measured
using the experimental setup described in Chapter 6. Theuddsd state, however,

is reached with the dual coupling measurement guiding theuj@ing process. Thus,
the methodology presented in this chapter effectively cedwcoupling, regardless of
the experiment used to measure it.
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CHAPTER 8

Simultaneous Linear Acceleration Decoupling and

Frequency Tuning

8.1 Introduction

In the case of the SIDRG, it is likely that mass trimming wi# lapplied both for
tuning and linear acceleration decoupling. If previousdgctibed algorithms are used
independently for decoupling and tuning, however, a probéeises. If one were to
perform tuning rst, and then attempt linear acceleratiectalpling, the resonator
would become detuned. Then, perhaps, a tuning step wowddptake, but this would
nominally effect the coupling. There is no guarantee tha#@dpled and tuned state

would ever be reached.

A reasonable solution is to perform decoupling rst, andntiperform tuning by
adding masses in opposing pairs. Though effective, thifiodetioes not ef ciently
suppress the total magnitude of the perturbations requidsb, the detrimental ef-

fects of quantization are effectively doubled.

Itis possible, though, to create one ef cient process thhieves both goals. In this
chapter, the measured frequency split is used to approgifoatth harmonic imbal-
ance parameters. When the fourth harmonic is balancedefiomator will be tuned.

Thus, the harmonic balancing problem is expanded to indlugest, third and fourth
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harmonics. An algorithm similar to the linear accelerati@ecoupling methods is then

presented and validated.

8.2 Expansion of Theory

Recall from Part | that the two important parameters invdlue tuning were the
frequency split and the location of the high frequency awotie,Y . Using equa-
tions (2.1), (2.1), and (2.11), it is clear that the theseapuaters, in theory, depend

only on the fourth harmonic imbalance. Using 2, equation (2.1) becomes

a;jmysin(4f;) .

tar(4YH) = éi mcos(4fi)'

(8.1)

After some manipulation of (2.1) and (8.1), the frequendit $as the following ap-

proximate relationship
S

g (& mcod4fi))2+( § msin(4fi))2 (8.2)
i=1 i=1

whereg is the frequency split in Hz. The angle that de nes the lamagiof the high

frequency mode's anti-nodeg, can be found using the model identi cation method
presented in Chapter 4. Equations (8.1) and (8.2) can theorbbined to nd
gcos&'  &;mcog4f)
gsin4Y a;msin(4f;):
Thus, a measurement of the fourth harmonic imbalance isete n
b = gcosa ©.3)
by = gsindy:
wherebg andbs, are the harmonic imbalance parameters associated withidgtun

other words, when the fourth harmonic imbalance paramaterbalanced (i.e. equal

to zero), the sensor is tuned.
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8.3 Experimental Results

In Chapter 5 an experiment was done to observe how the imtmlaarameters for
linear acceleration coupling changed as a perturbationpleec®d at different angular
locations on the resonator. These locations included thieespand the midway points.
The experiment was repeated ve times. Using the same d&gathe values fobey
and by are plotted in Figure 8.1. Both the mean and standard demmtre shown.
The solid line is a fourth harmonic sine wave t. Thus it appethatb, and by
are a good estimate of fourth harmonic imbalance paramet®yssubtracting the
plotted values from the nomindbbc4(f ) andDbs(f ), the perturbations to the fourth
imbalance harmonic associated with the addition of a singlgnet, can be calculated

as:

Dbea(f) = 0:2cog4f)

Dbss(f) 0:2sin(4f)

The experiment to con rm linearity of the fourth imbalancarameter was also
repeated. Frequency responses were measured as magnetadded to a single
spoke and the differences between the calculated harmob@lance parameters and

the nominal one are plotted in Figure 8.2.

8.4 Spokes Method

It is now possible to simultaneously attempt to tune and dpleothe system. As

in Chapter 6, the spokes will be used. This time six locatiamsrequired to solve
T

A(F)m= Db, with F = ffy;fo;f3fa4f5;fed M= my m mg my mg mg
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Figure 8.1: The imbalance parameters for the fourth harmasiestimated during
the perturbation test using (8.3). The mean and standarndtaes are plotted for
the values as measured for each perturbation location. dlieetsace is the fourth
harmonic t. The accuracy of the t suggests that the use oB)8o approximate
fourth harmonic imbalance parameters is appropriate.
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Figure 8.2: After each magnet is added to the rst spoke, theth harmonic imbal-
ance parameters are measured. This acts as linearity tie eStimate of the fourth
harmonic imbalance parameters.

.
b= By By Bx By by by »and

2 3
DB11(f1) DBi1(fz) DBii(fs) DBii(fa) DBii(fs) DBii(fe)

DB1x(f1) DBix(fz) DBix(fs) DBix(fa) DBix(fs) DBix(fe)
DB21(f1) DB2i(fz) DBi(fs) DBpi(fa) DBoi(fs) DBai(fe)

A(F)= : (8.4)
DBoo(f1) DBoo(fz) DBoo(fs) DBoo(fa) DBoo(fs) DBao(fe)

Dbcsa(f1)  Dbca(fz) Dbea(f3) Dbea(fa) Dbea(fs)  Dbea(fe)

Dbss(f1) Dbgs(f2) Dbs(fz) Dbgy(fs) Dbsa(fs) Dbg(fe)

There may be a question of whether the existence of a positags solution is
guaranteed. In order to show this we must explore the cosagfppositive linear
algebra. A set of vectors is considengaisitively linearly independentt each vector
cannot be expressed by a sum of positive scalar multipldseofest of the vectors in
that set. Theositive sparf that set is the space all vectors that can be made by a sum

of positive scalar multiples of that set. It can be shown #té¢asin+ 1 vectors, and at
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most 2 vectors, are required for thaositive spario beR". Thus, goositively linearly
independenset of 4 vectors is guaranteed to spRfi. Of the 16 possible vectors,
(which will have the columns of (8.4)), 12 must pesitively linear independeribd
guarantee the existence of a positive mass solution. Indeedans out that any 12
spokes make upositive linearly independesset. Thus, 16 spokes guarantee at least

one valid set of angles.

The decoupling and tuning process can be followed in Taldle 8he rst row
rst shows the nominal values of thid, norm ofHy, as described in Chapter 6, and
the split, derived from the model tting technique used inapkers 3 and 4. The next
two columns give the output of optimization (8.4). The laslumn gives the mass
perturbations that were performed for the next iterationorder to avoid overshoot,
fewer magnets were added each step than were suggested bptimnézation. The
following rows display similar information as several #&ons are followed, lowering
the H, norm, and reducing the inherent split. The nal values oftbtite split and
the H, norm satisfy our performance goals. The plot ¢HyH,) versus frequency is
shown in Figure 8.3 and the frequency split can be observétktioverlayed plots of
dil anddi2 in Figure 8.4. Recall that; andd, refer to the electromagnetic drives at the

exterior of the outermost ring of the resonator.

8.5 Relaxed Decoupling

When the requirement that mass only be placed at the spoka®si@/ed it is possible
to decouple and tune the resonator using fewer masses. Tenrmapt such a process

the DB(Z1;f) function must be estimated fdr 2 [0;2p) using the DFT, (5.4). The
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Split before | H norm | Angular Locations Optimization Added number

(Hz) before | (degrees from x axis) output of mangets
Nominal 1.44 0.243| 168.75, 191.25, 213.75| 1.6, 12.1, 5.6, 0, 6, 4,
236.25, 258.75, 303.794 6.6, 5.2, 3.8 4, 4 0
Iteration 1 1.07 0.044| 168.75, 191.25, 236.25| 0.8, 7.1, 3.1, 0, 6, 3
258.75, 281.25, 303.79 0.9, 4.7, 0.5 0, 4, O
Iteration 2 0.28 0.0017| 33.75, 56.25, 168.75| 0.06, 0.07, 0.79, 0, 0, O
258.75, 281.25, 303.7§ 0.13, 1.12, 0.93 0, 1, 1
Iteration 3 0.21 0.0009 11.25, 33.75, 123.75( 0.44, 0.02, 0.33, 0, 0, O,
146.25, 168.75, 281.2§ 0.18, 1.06, 0.31 0O 1, O
End 0.14 0.000§ 11.25, 123.75, 146.25] 0.46, 0.25, 0.03, 0, 0, O
168375, 258.75, 281.25 0.08, 0.04, 0.13 0, 0 O

Total Magnets added
34

Table 8.1: Simultaneous linear acceleration decouplirtaning using the spokes.

-20 T T T T T T T
- Before decoupling/tuning -
QO b P e SR
5 60f SRR SRR o\ R T
g , , , , , , ,
()
° . . . . . . .
€ 80F L N R SRR S
> After general : : X : :
P decoupling/tuning
T : : ‘ : : ;
100 e R R A I SR T
120 oo P

40
1620 1625 1630 1635 1640 1645 1650 1655 1660
Frequency (Hz)

Figure 8.3: Plot of tid, Hy) versus frequency before and after the simultaneous de-
coupling and tuning methods are implemented. Using the idatas plot, one may
calculate theéH, norm ofH, over some frequency. ThHé, norm can be useful in that

it can also be interpreted as the power gain of the systemaondom input.
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Spokes Method Relaxed Method
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Magnitude (dB)
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Figure 8.4: A plot of the—l and 52 transfer functions after performing both of the
decoupling methods discussed i |n ' this chapter. The resalofithe test is only @ Hz
though a more precise measure of the split is done using thikelmting technique
used in Chapter 3. The split before decoupling w#sHz but is reduced to:04 Hz
and 002 Hz after decoupling.

values ofbg4(f ) andby(f) are simply replaced by cO4f ) and sirf4f ).

The solutions converged easily when this technique wamated for simple de-
coupling. This time, however, there are fewer valid setsibidl angles to choose from
and the restraint that afy be greater than 0 causes the radius of convexity to shrink.
Still, when the optimization is implemented, the number asses in the local minima

is reduced to either 3, 4 or 5 total masses.

The implemented relaxed decoupling process can be follaw&dble 8.2. Again,
the operator uses discretion by placing fewer masses tleasuggested by the opti-
mization to minimize potential overshoot caused by errahsmodel. The method

appears to be just as succesful as the spokes method at both and decoupling

L1t is still questionable, however, whether the solutionrigiyt a global minimum. If the grid of
angles used to choose the initial set to start the steepgstutiealgorithm is ne enough, however, the
global minimum can generally be reached.
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Split before kH\,k2 Angular Locations Optimization outpu Adchumber of manget
(Hz) (m/s/mV] (degrees from x axis)
Nominal 1.44 192.9| 191, 239, 256, 303 17.2, 115, 2.9, 6]1 6, 6, 0, 0
Iteration 1 1.48 119.6| 181, 207, 238, 255, 303 4.3,7.6,04, 5.1 43 0,40 4 2
Iteration 2 1.10 61.5 | 178, 206, 257, 302 3.0, 404, 1.4, 2 2, 3,1 2
Iteration 3 0.34 17.9 | 166, 209, 285, 299 09, 11, 09 04 0,1 0 0
Iteration 4 0.52 14.9 [ 38, 186, 294| 0.7, 1.7, 1.4 0 1, 1
Iteration 5 0.21 9.6 [ 39, 169, 187, 281 0.91, 0.01, 0.93, 0.15 1, 0 1, 0
End 0.02 8.8 | 189, 210, 272, 290 0.01, 0.17,0.13, 0.19 0, 0,0 0
Total Magnets added
35

Table 8.2: Simultaneous linear acceleration decouplirtgtaning using any angular

location.

the resonator. The true test of the methods performed irctiapter is done in next

chapter, in which the Macro DRG is operated as a closed-lgopsgope.
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CHAPTER 9
Operating the Macro DRG as an Angular Rate Sensor

The best way to demonstrate the success of the tuning andpleap processes is to
run the structure as closed-loop angular rate sensor. Tire &acro DRG apparatus
has been mounted on a turntable in order to facilitate thisaestration. Lynch ex-
plains how to operate Coriolis vibratory gyros in [14] and fbrce-rebalance scheme
implemented (Fig. 9.1) is based upon his setup. In this sehmme Coriolis mode is
excited by a control loop to a constant amplitude. This lasopalled the drive loop
or automatic gain control (AGC) loop. The sensor/driver pdong the other “axes”
forms the force rebalance-loop which nulli es any vibratisensed by its pick-off. If
the sensor is tuned and the rotation rate is zero, the sigmalthis loop will be nearly
zero. As the sensor is rotated, however, the mode along steet of axes rotates, and
the force-rebalance loop is activated. The amplitude oftgeal in this loop is pro-
portional to the rotation rate of the sensor. Thus, thisaigndemodulated to recover

the angular rate.

The performance can be analyzed by focusing on the rebalaogen Figure 9.2.
The complementary sensitivity function, shown on the lefhdh side of Figure 9.3
shows the effective gain on the modulated rate. The semgifinction, shown on
the right hand side, shows how the output noise is shapededfeddback. When the

resonator is tuned, the sensitivity function's notch ishe tlemodulation frequency
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Figure 9.1: A schematic of the a basic design that can be mmgaied for rate sensing.
The drive loop is used to achieve a constant vibration albegitive axes, while the
force-rebalance loop attempts to null the signal from theeoset of axes. Band pass
Iter are used to achieve zero phase at the resonant frequasavell as remove any
unwanted higher frequency terms. Finally the force relidagsignal is modulated
to achieve a rate signal. Note: This implementation useplsimproportional gain
controls. The implementation in the other plots uses anwatec Gain Control (AGC)
in the drive loop.

and the demodulated rate has minimal output noise.

9.1 The Effect of Detuning on Gyro Performance

A closed-loop implementation is rst run after a decoupliagd tuning procedure
is completed. In the implementation showky is set to 30, giving a closed-loop
bandwidth of 12 Hz. While running, the DRG is rotated by 30rdeg. By integrating
the area under the curve a measurement of the angle rotatpeers in Volts. By

dividing this measurement by 30, the scale fackqs, is determined indengs. After

data collection on the non-rotating sensor, the power sgletegnsity (PSD) of the rate
output is computed (Fig. 9.4). The baseline level of the PSDetermined by the

electronic noise, the scale factor, and the closed-loopWwalth.

Next, magnets are added to opposite sides of the Macro DR@&asat is de-
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Figure 9.2: A block diagram of the closed rebalance loop witlse that is useful in
understanding the sensitivity function described in Fegau3.
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Figure 9.3:Left: The complementary sensitivity functionyp%:, effectively gives
the gain of the control loop on the modulated rate signal. fflemuencies outside of
the closed-loop bandwidth, the complementary sensitivitg a small gainRight:

The sensitivity function,Wle, shows the effect of output noise on the measured
modulated rate signal. When the modal frequencies are tuagch of the sensitivity
function is at the modulation frequency. Thus, the demdddlsate is more accurate
for lower frequency rate signals(t).
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Figure 9.4: The power spectral density (PSD) of the measatedsignal before and
after the tuning methodology of this dissertation was eiygdo The tuned case ex-
hibits lower noise within the sensor's bandwidth (12 Hz).

tuned by 1.4 Hz and remains decoupled from linear acceterali important that the
anti-nodal axes align with sensor axes so that the drive @palaince channel exhibit
minimal cross channel coupling. The detuning gives the@ensgver signal-to-noise
ratio because the rebalance transfer function gives muckeamise rejection at the
sensors operating frequency (Fig. 9.3). The closed-lotypss implemented again
and allowed to run while the gyroscope remains stationahenTthe PSD is plotted

against the tuned case. At its worst point, the noise lewefastor of 10 higher.

9.2 The Effect of Decoupling on Gyro Performance

In a similar experiment, a tuned resonator is run as a gypesbefore and after de-
coupling takes place. The scale factor remains the samdlirchse, and the resulting

PSD's (shown in Fig. 9.5) are very similar. Next a shaker tacited to the post so
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that band-limited noise can be inserted to the base for beithiss. When the rate
PSD's are measured in this arrangement, both see an ingretisesensor noise, but
the decoupled sensor sees much lower noise. Thus, in amemant that experiences

vibration, a gyroscope with a resonator that has been batbupded and tuned has

superior performance.
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Figure 9.5:Top: The power spectral density (PSD) of the measured rate digriaie

decoupling was employed with different levels of shakeuimnBottom: The PSD of

the measured rate signal after decoupling was employeddiffdrent levels of shaker
input.
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APPENDIX A

Theory on the Balancing of Harmonics

A.1 Introduction

The problems of using mass perturbations to achieve frexyueming and linear ac-
celeration decoupling are, ideally, speci c cases of thdtiple harmonic balancing

problem. The most general formulation of this problem is:

&N mcosmfi = ben; &ML;mcosnafi= ben; i &N mycosnrfi = ben
aN msinnifi = bsy; AN misinnofi= bsn; i1 &N misinnrfi= bepy
(A.1)

whereN is the number of added masses,is the order of thejth harmonic, and’

is the total number of harmonics that are being balanced.hbp@r 6, convex opti-
mization techniques were succesfully used for the two haroyaroblem where; = 1
andny = 3. Later, in Chapter 7, similar techniques were used for ltheet harmonic
problem withny = 1, np = 3 andnz = 4. Though succesful, it was not shown that
the results of the techniques were truly optimal with respethe total perturbation.
The following sections approach the problem from an anadytriewpoint. First, the
solutions generatied by other authors are discussed. Agsamaf the optimality of
the single harmonic problem follows. Next, the two harma@mablem is analyzed in

great detail. The existence of two mass solutions is disgtlbsfore the presentation

117



of an ideal three mass solution. In the speci ¢ casa;of 1 andny = 3, the solutions

seem to agree with the those found using optimality tectesan the text.

A.2 Previous Mulitmodal Tuning Algorithm

A.2.1 Fox's General Analysis

In the papeMulti-Mode Trimming of Imperfect Rinds/ Fox et al. a general solution

planto (A.1) is laid out [24]. First, angle¥,, are found such that

&N msinnj(f; yn)=0 (A2)

i meosnj(fi yn)=In

q__
and/ pn, = bcznj + bsznj. These equations can be combined for all the harmonics of

interest and combined into two matrix equations:
Am=0; Bm=c AB2RV N mic2RrN? (A.3)

Once the locationsf;, are known the massesy, can easily be deduced. We can

eliminate the mass vector from (A.3) using
AB lc=0 (A.4)

Numerical methods can be used to nd the solutions to thibl@m. The author's

suggest using the necessary condition that
def(A)=0 (A.5)

to suggest solutions to the two harmonic problem.
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A.2.2 Specic Tuning Scenarios

For single mode trimming, the solution is trivial, wifh = yn,. For two mode trim-

ming, trigonometric identities can be used to show that YA ®quivalent to

I'n, In
tan( (1 + o) tan( 2+ )= 75 A6)

tan("W5 (o + ah)) tan("p™ (fr+ ) = 1%

Iny*1Ing

where

Nl n + Nol ny/ no/
o = Am T R2Ine g %:M;
ny+ Ny np N

One can nd the intersection to these paths using numericghads. The trivial
solution,f1 = f5, is not considered as a solution. Presumably, the remasahugions
are validated using (A.5). For more than two harmonics, éx¢ suggests directly

solving (A.4) using an iterative grid.

A.2.3 Review

Overall, Fox's result seems correct but incomplete. One iawhat only even num-
bered harmonics are considered, which is an unnecessaryaeent for the analysis.
Also there is no discussion of whether or not a solution iggoted to exist. In fact,
the paper would imply that a solution is guaranteed thougte#r that forn; = 1,

n,=3,/1=0,/2= 1, no two mass solution exists. Finally, the technique ohgisi
a necessary, but not a suf cient condition, to nd solutianthe two mass problem
seems to give some false positives. When comparing theicodudiscussed later in
this appendix to those in this section for a particular peabin the text of [24], the left
hand side of (A.4) sometimes becomes very small, but caretdzle to be arbitrarily

close to zero. In a similar manner, stopping criteria forghd search method are not
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suggested. It is not clear how one would conclusively digtish between an actual

zero of (A.4) and a very small local minimum.

A.2.4 The HRG Closed Form Solution

The method outlined i©On The Balancing of A Hemispherical Resonator Glgyo

Zhbanov et al. is closer in spirit to the one that was requioedhis dissertation [10].
The goal of their technique was to remove linear accelaratmupling and tune the
device by balancing the rst, third and fourth harmonics.eylalso required removal
of coupling of the Coriolis-coupled modes to out-of-plamesar acceleration, which

meant that the second harmonic also needed to be balanced.

The solution that was outlined was extremely simple. Inessgeach harmonic
imbalance is balanced one at time in a way that does not dfiecbalance of pre-
viously balanced harmonics. For example, the rst harmamicalance is calculated
and removed using one mass. Then, the new third harmonidamixis calculated
and three equal masses are added Hiart so that the third harmonic imbalance is
removed while rst harmonic remains balanced. Next, theosdcharmonic imbal-
ance imbalance is calculated, and two equal masses are a8@edpart to remove
the second harmonic imbalance. Finally, the fourth harmonbalance is calculated
and four equal masses are added @8grees apart, leaving the rst four harmonics

balanced.

This method excels in that it is easy to implement and ackiav@lution in every
possible scenario. Of the possible solutions, howeves, ot very ef cient in terms
of conserving the amount of mass added of moved. Ten totadesanust be added to

different locales, and no care is taken so that one step ndageghe amount added in
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future steps.

A.3 Graphic Proofs for the Single Harmonic Problem

Though the nal solution is perhaps trivial, the case of balag the only the rst
harmonic gives some insight into balancing more than onebaic. The problem
of balancing a single harmonic can easily be solved by pipaisingle a mass at the
correct location, but there exist many possible solutienghis problem. Explicitly,

any mass per unit length(f ) that satis es

R — —

EPr(fycosfdf = bg

Ryy — . — — (A.7)
SPr(f)sinfdf = bg

is a solution to the single harmonic problem. All solution¢f ), involve the same

rst harmonic component whereas all other harmonics arensequential. Thus
r(f)= @cosf + @sinf + f(f)
p p

is a solution, provided (f ) has no components in the rst harmonic, i.e.
Z 2p Z,

_ _ p  _ _ _
f(f)cosfdf = f(f)sinfdf =0
0

It is useful to view the possible solutions graphically. Uitig A.1 plots
z ft _ _ _Z fg _ _
r (f)cosf df ; r (f) cosf df
0
R -
with f ¢ in a range from 0 to 2. The lengths of the paths arépjr (f)jdf which is
the total mass perturbation made. Thus, the shortest ptita minimal mass solution.

The rst solution considered is

b3 + b3
r(f)= ¥+ %cosf+ b%lsinf;
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Two SolutionsToThe Single Harmonic Problem

0.9r
ool o — N\
YA) = —=1, 2Ly 1 COSA+ SLsinA
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R4 I

S URsinAdA o)
= P IE A atan2(e, o)
[ (single mass solution)

0.4

0.3

0.2

0.1r

0 0.2 0.4 0.6 0.8 1
A - - -
o YAA)cosAdA

Figure A.1: Anintroduction to the graphical representatdthe problem of removing
harmonic imbalances. Two possible solutions are shownetsitigle harmonic prob-
lem with target(bc1; bs) = ( 0:9;0:6). It is clear that the single point mass solution is
best, since the length of the straight line is the shortest.

which is interesting because it is a simple function with jaigr (f) = 0. The other

function tested is
q

r(f)= b021+ bszld(f atanZbg; be1));
whered is the dirac delta function. This solution is the equivalehthe single point
mass solution. The single mass solution is a straight lirtetharefore represents a
minimal mass solution. Any (f) that hasr (f) 6 O for somef 6 atanZbg;bc1)
will not be a straight line, and thus will not be equivalenthe single mass solution.

Therefore the single mass solution is the only minimal magstisn.

Another way to approach the problem is to start with the ssm#pmass problem

that follows. Given two angles; andf
2 32 3 23

QCOSfl COszg gmlg _ glg (A8)
0

sinf1 sinf, nmp
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Figure A.2: An alternative view of the simple single harnomroblem where
(be1; bs1) = (1 1;0). In this case, all valid positive two mass solutions are wered.
The darkest areas represent areas requiring the least tesblack areas, where ei-
therf, or f, is zero, all represent the minimal solution. The arrows eflibttom left
guadrant show the direction of steepest descent. Thus ahe iooagine employing a
convex optimization algorithm on this space to derive théno@l solution.

the solutions tary andmy are

2 3 2 32 3 2 3
inf cosf 1 1 sinf,

gmlg = #2 Sinf2 2%2 g: 7? g:
mp sin(f2 1) sinfy cosf; O sin(fz 1) sinf;

In Figure A.2 the values afm + mp are plotted againgt; andf,. The areas where
eithermy or mp is less than zero are not plotted. The black is used wimerem, = 1.
As expected this occurs only whefg or f, are 0. The problem is effectively semi-

convex in that, if a steepest descent method were used gigeistgpoint would be the

b
global minimum. One can easily generalize this to any taﬁgé:%g and nd that any
bs1

solution set includes an angle= atanZbc1; bs).

One can then prove that the b&étmass solution can be represented as a single
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mass solution though a proof by induction. For every posdibl 1 mass solution,

course equivalent tolamass solution. Thus by induction, a solution with any number

of masses has more mass than a single mass solution.

To generalize to theth harmonic, angles are constrained-# without loss of

generality. A similar “convex” solution will be found withotutions at
1
f= ﬁataansn; ben);

and the proof by induction can be followed in a similar manner

A.3.1 Single Mass Non-Harmonic Problems

In the case of the Macro DRG the perturbation functions wetegarely made up of
one harmonic. Still, it was possible to tune the sensor witli one mass location, and
to decouple the system from linear acceleration with only.tWhus, a more general

problem should be considered in which

ba; fi(f)= fi(f + 2p)8f 2 R

éi'\ilmifl(fi) (A9)

AN mfa(f)) = ba; fo(f)= fo(f + 2p)8f 2 R:
Thus, two open questions are: What are the constrainfs and f2 such that a single
mass solution exists? And what are the constraints suclatsiagle mass solution is

also optimal?
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A.4 Existence of Two Mass Solutions

For this sectionn = g—i so that (A.1) can be rewritten

&l m costi = ba &N, m cosni:i = ben A10)
aN msinfi = by &N msinnf; = bg,
wheref; = n;f;. First, we will only consider those problems of whigls an integer.

Fox presented a detailed solution for nding solution to 18) with only two
masses, but did not address the feasibility of these sokitin order to test the fea-
sibility of two mass solutions, we will rst consider thosegblems with the form
f 1;0; ben; bshg. We attempt to nd the range dfbcn; bsy) which can be reached with
only two masses. In the rst harmonic, the solution can viéws a triangle with vec-
tors(my cosf 1; mpsinf 1) and(my cosf 2; mp sinf2) connecting at the apex. In the rst
harmonic, the base of the triangle is the segment connetttengrigin to(1;0), while
in the third harmonic, the base connects the origin to thgetaibcn; bsn). The apex is
parameterized1=2+( 1=2+ r) cosg;r sing). Thus ag varies from 0 to  an oval is
traced by the apex. By varyingfrom zero to in nity the oval extends to in nity, en-
compassing all oR?. This can be used to represent all problem 6&16; ben; bsng that

can be solved with two masses. For analysisandny, f1 andf, are parametrized

as
q q
m = r2+r(cof g+ cosg)+ 5(1+ cosg)? my = r2+r(cofg cosg)+ 5(1 cosg)?
sinf; = %’ sinfy = %‘”9 (A.11)
cosf; = r cosgt %(1+ c0sg) cosfy = r cosgt %(1 cosg)

m

m

An example can be viewed in Figure A.3.

The harmonic coupling parameters can now be written as aitumof the two
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First Harmonic Third Harmonic
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Figure A.3: Left plot: One example of1=2+( 1=2+ r) cosg;rsing), withr = 1, in
the rst harmonic.Right Plot: The resulting solution for this particularandgin the
third harmonic.

masses and their placements:

ben m cosnf 1+ mpcosnfo

(A.12)

bsn m sinnf 1+ M sinnf 5:
Figure A.4 displays how these “targets” map into other harics

In order to evaluate the powers of trigonometric functiangeéneral one can use

the relations

sinnf = &L, 1 cof sim Xf sin 3(n K)p A13)
cosnf = &l_, I co¥f sin® Xf cos 3(n K)p :
k=0 k >
Thus
ben = &Q_o p COS 3(n Kp mucosfqsin Kfi+ mpcofysim Kfs
bsn =&, sin 3(n Kp mcosfysin® Kfi+ mpcokf,sim Kf,

(A.14)
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Figure A.4:Top plot: The semi-ellipse mapped out =2+ ( 1=2+ r) cosg;r sing),
with r = 1. Bottom Plots: The resulting reach of (A.12) for afj for the second, third
and fourth harmonics whemis held constant.
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If r = 0, then(ben; bsy) = ( 1;0) for all g. Asr increases, theg 2 [0; p) maps to a
closed, though sometimes overlapping, patm ig even, the poin{1;0) stays within
this path, while ifn is odd, the path starts and end§HBt0). Asr increases further, the
plots traces move outward. We can evaluatelig( ben; bsy) to determine the limits
of these traces, where they exist.

When n is even,

cos %(n Kp cosgsin® kg

(A.15)

>0 X S

. _ .1 N K
rlmi bsn=r @ K sin é(n K)p coé‘gsmn g :
In general, this maps to multiple in nitely large, overlapg circles. This means that,

for evenn, (be; bsi; ben; bsn) 2 R can always be solved with two masses.

Whenn is odd, though, the highest order termrafancels out and a nite limit is

reached:
n
lim, ben = a E cos %(n Kp (kcos g (n 1)coslgsin Xg
' k=0
n
lim, ben = ak E sin %(n Kp (kcos 'g (n 1)cos*lgsin Xg :
' k=0

(A.16)
Thus, there is a limit to the values that can be achieved bynasses for odd harmon-
ics. In other words, whenis odd, problem (A.1) cannot always be solved Wk 2.

Figure A.5 displays how the path of changes gsows.

A.4.1 Feasibility for Non-Integern

A similar methodology is employed, so that triangles inthe&oordinate system map
to ones in then, coordinate system. In this case, a single geg), maps multiple

solutions inny. There will ben; possible values of1 andf, to consider, makingm%
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Map into the second harmonic
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Figure A.5:Top plot: Sets of(1=2+( 1=2+ r) cosg;r sing) asr is increasedBottom

plots: The resulting reach for alf for the second, third and fourth harmonics. As
increases the span of the second and fourth harmonic cestiouncrease, while the
span of the third harmonic reaches a nite limit (given by 18)). This shows that
the rst and third harmonics cannot always be simultangpbslanced by only two

masses.
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total locations for each value ofandg. Also, there is no expression like (A.13) for
cases in whictis not an integer. Still, it is possible to show that soluidmthe(1; 0)

problem in then; plane map to the enting, plane.

Again,m, mp, f1 andf, are parametrized by

q
m = r2+r(cof g+ cosg)+ 5 (1+ cosg)? My = r2+r(cofg cosg)+ (1 cosg)?
sinmfy = —rﬁq"l‘g sinmf, = —'nfzi“g
_ rcosgt+ %(1+ €0sg) r cosg+ %(1 cosg) |

cosmfq cosmfo

m

m
(A.17)

As r increases, a closed (though overlapping) path grows fromtipteuorigination
points (Figure A.6). This time though, it is dif cult to andlcally describe this
path. We can, however, make an observation on the limit sfghth as approaches
in nity:

lim nof1= 2 (g+ 2pky)
" M (A.18)
. _ Ny .
lim naf 5 = n—l(g+ 2pka+ p):

For a nite limit to be reachednzf1 n2f, must be an odd multiple gf. This is im-

possible whem; andn, have no common factors. Thus the entire plane is reacRable.

A.5 Solutions to the Two Mass Problem

Where two mass solutions are achievable, there are perrapsways of nding these
solutions, including the one presented in Section A.2. Tdlat®n presented here
uses necessary conditions to guide the solution, and aseimpitilize the suf cient

condition to solve the problem.

LAlso note that fom; = 1 andn, odd, nof1  nofo is an odd multiple ofp, while it is an even
multiple of p if ny is even.

130



nq =2 Ny =3

15 20
o 15
o 1
\<( N
™ < 10
= <
»w 5 c 5
o £
(7]
; £
\<E' 0 + 0
m —
c \<
£ S 5
7] 5 c
i £
E (2]
é‘—lo
-10
15
.15 -20
‘15 -10 5 0 5 10 15 -20 -10 0 10 20
1 €0S3A;+ m, cos3A, my cos4A;+ my cos4A,
nl :3 n2 =5 nl =4 nz =5
20 : 20 :
15t
[s\}
'L 10}
£
(7]}
~ Of
IS
Y of
<L
o
£ 51
()
—
€ -10f
-15f
-20

-20 -10 0 10 20 ’ -20 -10

. 0 10, 20
m; cos5A;+ m, cosbA My COS5A+ M2 COSSA

Figure A.6: In the same spirit as Fig. A.5, the reaches aréqulovhenr is held
constant for some cases in Whi{%ﬂis not an integer. Again, the spans of the reaches
appear to increase unbounded.
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For most problems, wherb, + b3, b&, b, 6 0, the following method
works well. The challenge is to take the four variable setgqfations, (A.10) with
N = 2, and reduce the problem to solving for one variable. Ringttermsny, mp, and
f, are written in terms of 1:

2 2 2 2
bcn1+ bsnl bcn2 bsrp

f = |
my(f1) Ig(bcnlcos(nlfl)+ bsn, sin(Mf1)  ben, COLN2f 1) bep, SiN(N2f 1))
my(f 1) = (ben, mcogmfq))2+(bsy, mysin(nify))2
cognifo(f1)) = W’ sin(nyf2(f1)) = bsry mrlnszin(nlfl):

In essence, these equations represent the necessaryauondit
The suf cient conditions are satis ed when
mycognpf1)+ mpcognyfa)  ben, = 0
my sin(nzf 1) + mpsin(nzf,)  bsp, = 0

is solved for a giverfi;. If n1 > 1, thenf,+ %ﬁ’l—" must be considered fdr, andf , + %’%‘

for . Figure A.7 shows the solutions that were found for
(beny s bsny; beny s bsry, = (11, 0;0:6;0:7)

whenn= 2;3;4. The two line segments in each plot represent the effecici enass
on that harmonic, so that when the two segments are conndogydepresent the total
perturbation. Figure A.8 shows the solutions for some casesich n is a fraction.
The fact that the lower order harmonic is greater than 1 aléoy many possible

solutions to each problem.

The small set in whictbg, + b, = b, + b, has the following simple closed
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Solutions as Seen in First Harmonic
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Figure A.7: Some example two mass solutions to the two haienproblem,
(be1; bsy; ben; bsp) = (1 1;0;0:7;0:6), using the methodology in text.

form solution, in which the two masses are adq%l radians away from one another:

f1 = =Li(atanZbsn;ben)+ atanZbs,; ben,))
f2 = f1+ n_2+%
m = bcnl cos(n1f1)+ bsnl Sin(n]_f]_)

My = bsp cogNnifi1)  Dben Sin(nifq):
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Figure A.8: Some example two mass solutions to the two haienproblem,
(be1; bsy; ben; bsn) = (11;0;0:7;0:6), when ﬂ—i is a fraction. Many solutions exist for
each case.
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A.6 Solution with Three Masses

For any two harmonic problem, a subset of the problems cawlvedwith a precise
three mass solution. This set actually covers the entirefsptoblems that are un-
solvable with only two masses and has the additional prgpbét the solutions are

optimal.
These solutions were derived by observing that the optimlatisn to the single
harmonic problem(bcn,; bsn,), can in general be solved by

fi = fatanZbsn,; ben,) + %’Zl(i 1)

o n2
ai:

1M = b&,+ by
For a givenny harmonic problem(ben,; bsn,), the optimal solutions span a regu-
lar polygon for other harmonic problems. Thus, any probl€ms, ; bsn,; ben,: bsn,)

within this polygon can be solved by one of these optimal thahs.

Forny = 2, this subsetis a line segment, centered at the origin gtien bcznz + bsznz

and the solution is simply

fo="Ff1+p= %ataaner;anz)

= 2 2 2 2
m = bé&, + b&, b&, + bé,
q

NI NI

mp = bcznz + bsznz + b02n1 + bszrh
Forn> 2 the subset can be described by

b+ by

b2, + b2 — — wheref = (atanq b, ;b Latand b, b d:  (A.19
g * Démy tan%sin(f)+cos(f)w eref = (atang bsny ;bery ) - fatang bsnyibeny)) mod 22 (A.19)

Several examples of these subsets are plotted in Figs. A.&dM. In general, with
n> 3, there are multiple ideal closed form solutions. We witthpthe one in which

the three locations chosen are the two locations closesettarget and the location
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Figure A.9: Graphical representation for solution regidoisthe third, fth, sev-
enth and ninth harmonic, wheibc1; bs1) = ( 1;0). The limits are found using (A.16)
and (A.19). The light gray area represents the area in whith tvo mass and the
three mass ideal solutions exist. In this region it wouldhs@gsest to choose the three
mass solution, as it requires less mass.

farthest from the target. Thus

. 1 .
f1 — %‘Q oor atan(bsrn,bcnl) g;atan(bsr?,ban) + %ataancnz; bsr]z)

— 2 A.2
fo=f1+ _nQ ( O)
fa=fFf1+ %1[) foroddn, andf3= f1+ p for evenn:

Then 3 2 3

2 3 2

m cosf, cosfo cosfs ben,

gmé gsmfl sinf, sinfgé g bsny % (A.21)
q___

mg 1 bz, + b&,

The total mass used in this case is exacc:]tlwgnz+ bz, which is the minimum
amount required to balance only theharmonic, a suf cient quality for the solutions'
optimality. Also this method can be used for fractionalActually, with a fractional
n, either harmonic may be chosen as the second one, makinggtoaiin which this

technique is possible larger, as is exempli ed in Fig. A.11.
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Figure A.10: Graphical representation for solution regitor the rst harmonic, when

(bcn; bsp) = (1 1;0) for n= 3;5;7; and 9 respectively, again using (A.16) and (A.19).

This is just an alternative representation to Fig.A.9.

my sin 3A; + My Sin3A,

N
N

O o =
- I S

=
3]

2 mass only

3 mass valid (n=3 idea

3 mass valid (n=4 ideal)

-1.5

1
my cos3Ai+ my COS3AQ

-1

05

0 0.5 15

Figure A.11: Graphical representation for solution regidor the third harmonic,

when (bg; bsa) = (1;0). Thus, When% is a non-integer, one of the two harmonics

can be ideally balanced (i.e. with minimal mass) for a largesst of possible problem

sets.
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Figure A.12:Left Plots: Ideal three mass solutions in the rst harmonic when the the
other represented harmonic is the third, fth, seventh ainthrharmonics. The dotted
lines represent the locations that were chosen to perfoenbatancingRight Plots:

The solutions mapped in the third, fth, seventh and ninthnanics. Each appear as
a straight line displaying that this is an ideal solution.
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A.7 Balancing More Than Two Harmonics

The existence of 2 mass solutions to the harmonic problem is trivial, as one only
needs to choose tha2ocations such tha is invertible. The additional requirement
that masses are positive requires that we invoke the thdqugsitive linear algebra

(see Chapter 8). Thus, given a set afldcations that are positively linearly indepen-

dent, a 2 mass solution can be found.

It can also be shown that, for the three harmonic case, vesmahitions can also
easily be found. If two of the harmonics are odd and the ttgreMien, then a two or
three mass solution is possible for the rst two harmonicerfanics and two more
masses can easily be added 18part to balance the last harmonic. If one of the rst
two are odd, than those two can be solved with two masses,hantthird harmonic
can be solved without affecting the rst two harmonics witinede masses. The proof

is absent for the sake of brevity.

In general, there is also a nontrivial subset of problemstiage an ideal® 1
mass solution. Equations (A.20) and (A.6) can easily be ma@d for problems in

whichent 2N 1 wheree s the greatest common factmg; no;:::;nt).

The Fox solution implies that anyr harmonic problem can be solved wiky
masses. It is dif cult to prove whether or not this is trueddrhave been unable to
nd a counter example foNt > 2. Even if true, it is clear that thiér mass solution is

not the minimal mass one.

In the last chapter, a convex optimization technique was@yep to solve a simi-

lar problem similar tqny; np; n3) = ( 1; 3;4). Equation (8.4) can easily be modi ed for
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the purpose of three harmonic trimming to

A(f1;fofafafsfe)m=b
where
2
cogfi) cogfz) cogfy3)
sin(f1)  sin(f)  sin(f3)
ACF) = coq3f1) cog3fy) coq3fj)
sin(3f1) sin(3f2) sin(3f3)
coq4fq1) coq4fy) coq4fs)

,Sin(Afy)  sin(af;)  sin(4fs)
bCf‘Il

andb =

cog(f4)
sin(f 4)
coq3fy4)
Sin(3f 4)
coq4f )
Sin(4f 4)

cogfs)
sin(fs)
cogq3fs)
sin(3f5)
coq4fs)

Sin(4fs)

cogfe)
sin(fe)
coq3fg)
sin(3f g)
coq4fg)

sin(4f ¢)

(A.22)

Again, a simple grid search type algorithm is required teg\veasible starting point.

Though itis dif cult to evaluate the optimality of this tenlgue, it is easy to implement

and runs quickly using a steepest descent technique.
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