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Frequency Tuning of a Disk Resonator Gyro

via Mass Matrix Perturbation
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Abstract

Electrostatic tuning of the resonant modes in microelectromechanical (MEM) vibratory gyroscopes is often suggested

as a means for compensating manufacturing aberrations thatproduce detuned resonances. In high performance sensors,

however, this approach places very stringent requirementson the stability of the bias voltages used for tuning. Furthermore,

the bias voltage stability must be maintained over the operating environment, especially with regard to temperature variations.

A known solution to this problem is to use mass perturbationsof the sensor’s resonant structure for resonant mode tuning.

This paper presents a new mass perturbation technique that relies only on the sensor’s integrated actuators and pick-offs to

guide the mass perturbation process. The algorithm is amenable to automaton and eliminates the requirement that the modal

nodes of the resonator be found directly.

A. INTRODUCTION

High-performance vibratory angular rate sensors rely on the matching of the frequencies of two modes that are

highly coupled by a Coriolis acceleration term when the equations of motion are written in a case-fixed coordinate

system. Frequency matching exploits the mechanical gain afforded by the sensor dynamics and leads to the best

attainable signal-to-noise ratio. In principle, the degenerate dynamics can be attained by designing structures

with a high degree of symmetry such as Litton’s Hemispherical Resonator Gyroscope (HRG)[1] and the BAE

Silicon Vibrating Structure Gyroscope (SiVSG) [2]. The subject of this paper is Boeing’s Silicon Disk Resonator

Gyroscope (SiDRG) shown in Fig. 1. In this device, electrodes that are embedded in the spaces between the

concentric rings are used to drive and sense planar vibrations.

Ideally, in each of these sensors the anchor attaching the resonant structure to the sensor case is a nodal point

for the Coriolis coupled modes and the symmetric design guarantees degenerate modal frequencies. This scheme
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isolates the Coriolis-coupled modes from linear base motion and reduces energy dissipation in the modes, thereby

eliminating large contributors to angular rate bias and drift. The HRG is an extreme example of the degree of

isolation that can be achieved– quality factors exceeding 6× 106 have been reported when the resonators are

fabricated from fused quartz [1], [3].

For those sensors lending themselves to MEM fabrication, such as the SiDRG, local variations in etch rate

produce minute, but unpredictable, asymmetries that manifest themselves as a splitting of the modal frequencies

(right side of Fig. 1). Although the frequency splits are small, on the order of 0.3% or less, the absolute separation

between the modal frequencies coupled with their high quality factors (Q) conspire to eliminate the mechanical

gain advantage that was a primary objective of sensor’s design.

In past work, the resonant frequencies of the SiDRG were tuned by applying electrostatic forces with dedicated

electrodes, thereby locally altering the resonator stiffness [4], [5], [6]. The drawback of this solution, however, is

that the electrodes are required to maintain a voltage stability that is difficult to achieve with compact, low-cost

electronics. The possibility of tuning the modes by permanently altering the mass distribution of the resonant

structure is attractive because it eliminates the need for the electrostatic tuning electronics.

Though no analytical results exist regarding the effects ofmass perturbations to the SiDRG’s specific structure,

results have been documented for a simple ring, which has similar modal characteristics. On a symmetrical ring,

the n=2 Coriolis-coupled mode1 is planar with an elliptical shape and can occur with any pairof orthogonal di-

ameters (left hand side of Fig. 2). Studies of slightly asymmetric rings show that the rings have approximately the

same elliptical mode shape for the n=2 Coriolis-coupled mode, but the mode shape only occurs in two fixed orien-

tations, forty-five degrees apart, and at two nearly degenerate modal frequencies (right hand side of Fig. 2) [8], [9].

Equations have been derived concerning the effects of mass perturbations on the positions of the modal axes and

their modal frequencies and these results have been verifiedon physical systems [8], [7]. These equations were

then used to derive a remarkably simple frequency tuning method in which a point mass is added to the location

of the anti-node of the high frequency mode or removed from the location of the anti-node of the low frequency

mode to remove the frequency split [9]. Later, laser ablation was performed on a MEM rings to remove mass and

predictably alter the frequency split [10], [11]. Unfortunately, determining the location of the anti-nodes requires

significant laboratory effort and does not lend itself to a production enviroment. The objective of this paper is to

develop a tuning algorithm that will use experiments performed by the embedded electrodes as its solitary guide.

In order to fascilitate the development of the methodology,a scale model of the SiDRG, named the Macro

1We will focus on n=2 Coriolis-coupled mode because it is the mode most commonly used to operate similar structures as a rate-sensing gyroscope.

Much of the analysis applies to higher-order Coriolis-coupled modes as well but has been ignored here for simplicity.
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Fig. 1. Left: Photograph of an unpackaged Boeing Silicon Disk Resonator Gyroscope (SiDRG). In the packaged device, electrodes are placed in

spaces between the rings to control and sense planar vibrations. The n=2 Coriolis-coupled mode of the resonator is generally utilized for rate detection.

Right: SiDRG frequency response using embedded drive and sense electrodes within a narrow, 100 Hz band encompassing the “fundamental” Coriolis

modes. Though the frequency split is small in a relative sense –less than 0.3% –the sensor effectively has no mechanical gain in this state. The present

work proposes a systematic method for tuning these modal frequencies to degeneracy by making small perturbations to theresonator’s mass distribution.
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Fig. 2. Left: The mode shape of the “fundemental” Coriolis mode in a symmetric ring is ellipsoidal. The mode can exist with any pair of orthogonal

nodal axes.Right:When a slight mass asymmetry exists the mode only occurs in two orientations, forty-five degrees apart. These modes have two

slightly different frequencies and represent a detuning asseen in Fig. 1.Should they be call anti-nodal axes? or should all my axes be rotated 45

degrees?

DRG, was fabricated for this study (Fig. 3). A novel model identification method is developed and tested using

empirical frequency responses from the drive and sense pickoffs. Mass perturbations of the Macro DRG are done

using small magnets and are modeled as perturbations to the mass matrix identified in the model. The prospect

of achieving a tuned state by placing magnets in only one angular location on the resonator is analyzed at depth

before a more elegant frequency tuning approach is revealed. This approach uses only the fixed electromagnetic

actuators and fixed capacitive sensors to guide the process,succesfully removing the need to directly identify the

location of anti–node of the high frequency mode. In the lastsection, this approach is succesfully demonstrated

under several different initial conditions.
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B. MACRO DRG EXPERIMENTAL SETUP

The Macro DRG resonator is a magnetized steel simulacrum of the SiDRG resonator with an outer diameter

of 12 cm (Fig. 3). Each of its nineteen rings has a thickness of1 mm, is spaced from the other rings by 1 mm,

and has a thickness of 4mm. Each ring is connected its immediate neighbors at eight “spokes,” forty–five degrees

apart. The positions of the eight “spokes” alternate between rings between positions 22.5 degrees from each

other, as shown. Thus the structure has sixteen “spoke” locations. Small NdFeB magnets, disc shape with a 1.4

mm diameter and 0.75 mm thickness, are placed on the top surface of the resonator to create reversible mass

perturbations.

Actuation and sensing of the resonator are achieved using electromagnetic actuators2 and capacitive sensing

pick-offs, each shown in Fig. 3. The electromagnets are a modified relays, using variable current through its

solenoid to exert a radial force on the resonator. The sensing pick-off consists of a brass disk (5mm diameter)

placed parallel to the outside edge of the outermost ring of the resonator. The resonator is biased at 50 Volts so that

the capacitance between the resonator and the brass disk oscillates as the resonator vibrates. The oscillation causes

current to flow to the virtual ground of the transresistance amplifier. The 1MΩ resistor in the amplifier circuit

provides a gain of 106V/A so that the signal output will be at an observable level for the DSP. The transresistance

electronics are enclosed in a steel shell to provide suitable magnetic shielding.Finally, a thin sheet of brass

surrounds the transreistance amplifier electronics to provide electronic shielding.ASK M

The entire experimental apparatus is shown in Fig.??. Two electromagnets are placed forty-five degrees so that

they present “orthogonal” excitations with respect to the n=2 Coriolis-coupled modes. The two sensors are placed

forty-five degrees so that they can best sense these modes.

The block diagram for open loop system identification is shown in Fig. 4. A DSP generates band-limited signals

in the range where the frequency response is desired. Since the electromagnet always causes an attractive force,

the desired AC waveform is biased by 3 volts to create a strictly positive op-amp driving output. The sense signals

are then further amplified four hundred times, filtered with eight pole butterworth filters possessing 10kHz cut-

off frequencies, and then sampled by the DSP. The drive signal is subjected to the same filter and resampled to

account for the phase shift from the filter.

The frequency response magnitude is effected by the gaps between the outermost ring of the resonator and

the capacitive sensors in such a way that calibration is required. With this in mind, the actuators and sensor are

2Electromagnetic actuation is used in the Macro DRG instead of electrostatic actuation because electrostatic forces are too weak for effective activation

at the Macro DRG scale. Furthermore the small gaps that are required for electrostatic actuation create a large amount ofnonlinear squeeze film

damping.
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Fig. 3. Left: Photograph of the Macro DRG with some relevant dimensions. The two electromagnetic actuators are labeledD1 andD2, and the

two capacitive pick–offs that detect planar deflection of the resonator are labeledS1 andS2. The small NdFeB magnet is added to create a reversible

perturbation to the mass of the resinator.Right/Top: Diagram of the electromagnetic actuator.Right/Bottom: Diagram of the capacitive sense pick-off.

This design was used to minimize coupling electromagnetic coupling to the the sensor.

placed on linear translational stages for precise gap control. The calibration setup for the sensors is shown as the

dotted lines in Fig. 4. First, the inputs to the electromagnet are set to zero volts and the 50V bias to the resonator

is replaced by a 1.6 KHz sine wave from a signal generator. Theresponses from the pick-offs are compared to

eachother and the gaps of each of the pick-offs are adjusted until the responses exhibit the same amplitude. This

process ensures the that the pick-offs will have the same gain at frequencies near that of the fundamental Coriolis-

coupled modes. The electromagnets are much harder to calibrate, but the same level of precision is not required

due to the nature of the force created by the magnetic flux. Thegap is set to 1mm, which is large enough to have a

minimal detrimental effect on the quality factor of the resonator while still achieving an adequate signal to noise

ratio.

A single channel of Macro DRG frequency response data is shown in Fig. 5. The fundamental Coriolis modes

are near 1.6kHz and appear as one resonant peak at this scale.The zoomed frequency responses, shown at the

right, display the individual Coriolis-coupled modes withapproximately a 2 Hz (0.12%) frequency split. This

two-input/two-output empirical frequency response test will be used as the principal guide to the model fitting

and tuning algorithms.

C. SENSORMODEL

I. Model Development

The system identification method used to guide the mass perturbation process is based on the one developed

by the authors for electrostatic tuning of the gyro dynamics[6] . For mass tuning, the linear mechanics of nearly
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two-input/two-output model of the sensor. The method for for calibrating the capacitive sensors is shown as the dotted path.
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Fig. 5. Left: The S1/D1 channel of the empirical wideband frequency response of theMacro DRG showing several modes of the resonator. At

this scale there appears to be no split at the n=2 mode.Right: The narrowband dynamics of all four channels in a neighborhood of the fundamental

Coriolis-coupled modes. ‘◦’ is used to represent the data while the line through the points is a fit using the modelling process described later in this

paper. Just as in the SiDRG response, the Coriolis-coupled modes of the Macro DRG have a small but detrimental frequency split despite the fact that

the steel resonator visually exhibits symmetry.

degenerate vibratory gyros in a neighborhood of the Coriolis-coupled modes can be modeled as

Hout(s)RZ−1
act(s), (1)

wheres is the Laplace transform variable and where

Zact(s) := (M0+∆k)s2+Cs+K. (2)

In this modelC, andK are real 2×2 positive definite damping and stiffness matrices, respectively. M0 is the

real 2×2 positive definite nominal mass matrix and∆k is the perturbation to the mass matrix due to the particular

arrangement of added magnets in thekth perturbation case. The angular rotation rate of the sensor is assumed to be

zero in this model. The subscript onZact denotes that the system matrices are written in the generalized coordinates

specified by the actuator (forcer) frame. The transfer function Hout represents any dynamics associated with the

signal conditioning electronics andR∈ R2×2 captures the effects of noncolocated pick-offs and forcers.
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The model parameters{C,K,M0,∆1,∆2, . . . ,∆np,HoutR} are estimated by using frequency response data from

np+1 experiments conducted with different mass perturbation scenarios. In other words, thekth experiment yields

two-input/two-output complex-valued frequency responsedata{ψk,1,ψk,2, . . . ,ψk,mk},ψk, j ∈C2×2, corresponding

to themk real frequencies{ωk,1,ωk,2, . . . ,ωk,mk}.

The minimax optimization problem for estimating the sensorparameters is

min
M0+∆p>0

K>0,C>0,M0>I
Rl∈C2×2, l=0,1,...,nR

max
k=0,...,nexp
q=1,...,mk

σ
(

R̃k,q−ψk,qZact( jωk,q)
)

, (3)

where

R̃k,q :=
nR

∑
l=0

Rlω l
k,q, (4)

and where evaluatingZact at theqth frequency point associated with thekth experiment yields

Zact( jωk,q) := −(M0+∆k)ω2
k,q +K + jCωk,q. (5)

The M0 > I constraint in (3) is imposed rather than the typicalM0 > 0 because in the latter case all of the free

parameters may scaled by a nonzero constant so as to make the cost arbitrarily small without actually changing

the model frequency response. Also note thatHoutR has been replaced bỹR. This recognizes the fact that any

additional dynamics due to, for example, signal conditioning preamplifiers, should not exhibit significant magni-

tude and phase changes in a neighborhood of the resonant modes. If these dynamics can be reflected to the sensor

output then they can be combined withR into a low order polynomial function of frequency with coefficients in

C2×2, i.e. R̃ is degreenR. In fact,R̃can be viewed as combining the first few terms of the Taylor series expansion

of the frequency response function ofHout including the non-collocation effects.

Finally σ denotes the largest singular value. Thus, in (3),σ
(

R̃k,q−ψk,qZact( jωk,q)
)

can be viewed as a noncon-

ventional norm of the estimation error at each data point. The minimax optimization problem will choose model

parameters to minimize the maximum value of this norm over the frequency set chosen. Note that this form of the

optimization has the advantage that it can be restated as thelinear matrix inequality given by

min: γ

subject to: Jqk > 0, q = 1, . . . ,m,k = 0, . . . ,np

M0 > I , (M0+∆k) > 0, C > 0, K > 0

∆0 = 0,Rl ∈ C2×2, l = 0, . . . ,nR

, (6)
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where

Jqk :=





γI
(

R̃q−ψk,qZact(k)( jωq)
)∗

R̃q−ψk,qZact(k)( jωq) γI





which can be efficiently solved using a number of commercially available packages.

II. Model Verification

Experimental data is generated by driving each actuator with a narrow band chirp sequence that encompasses

the Coriolis modes of the Macro DRG. The input-output sequences are processed to yield 2×2 empirical fre-

quency response data on a grid of frequencies with 0.1 Hz resolution. The model (2) is applied to two mass pertur-

bation cases in addition to the nominal case when no mass perturbation is present. The first mass perturbation case

places four magnets on outer ring of the Macro DRG as shown in the left-hand picture of Fig. 6 and will be repre-

sented by∆1. The four-fold symmetry of the mode shape guarantees that this perturbation will have the same effect

as adding the four masses to only one of these four positions.The second mass perturbation case places four mag-

nets on the outer ring of the DRG as shown in the right-hand picture of Fig. 6 and will be represented by∆2. The

empirical frequency responses for these perturbed cases along with the unperturbed case (no magnets added) are

shown as the plots in Figs. 7 and 8. Since the sensor is a two-input/two-output plant, four frequency response mag-

nitude plots are shown in Fig. 7 and four frequency response phase plots are shown in Fig. 8 (the individual chan-

nels are denotedS1/D1, S2/D1, etc.). It is clear that mass perturbations shift both modalfrequencies, change their

frequency split, and also modifying their coupling. The model parameter set{M0,∆1,∆2,C,K,R0,R1, . . . ,RnR} is

determined using (6) and the three sets of frequency response data are generated for comparison with the data.

The model frequency responses are given byΨk,i =
(

∑nR
l=0Rl ω l

i

)(

−(M0+∆k)ω2
i +K + jCωi

)−1
, k = 0,1,2. The

order ofR̃, nR, is set to 2 for this and future models. Fifty one frequency response points are used to cover the 5Hz

width around the peaks with a 0.1 Hz resolution. The model frequency responses are plotted as the solid lines in

Figs. 7 and 8. The model fit is almost indistinguishable from the data and at each point is within 5%.

Since we are interested in using this model to guide the mass addition/removal process with the objective of

driving the two modal frequencies together, its predictivepower is of great importance and is tested in two ways.

In the first test, two magnets are added to each of the four points on the resonator corresponding to the positions

shown the left-hand picture in Fig. 6 (total of eight magnets). This perturbation doubles the magnitude of the mass

perturbation corresponding to∆1 so we compare the empirical data with the frequency responseof the model

(R0+ jωR1)
(

−(M0+2∆1)ω2 +K + jωC
)−1

.
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Fig. 6. Left: Location of∆1 perturbation.Right: Location of∆2 perturbation. Masses are added at four points in each case toachieve the most even

possible mass loading. These are the perturbations corresponding to ‘�’ and ’diamondsuit’ in Figs. 7 and 8.
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Fig. 7. The two-input/two-output empirical and model frequency response amplitudes found in the model verification experiment. The empirical data

for the test with no perturbation is represented by ‘◦’ and the∆1 and∆2 perturbations (shown in Fig. 6) are represented by ‘�’ and ‘♦’ respectively. The

model fits given by(R0 + jωR1) (−(M0 +∆k)ω2 +K + jωC)−1 of the three data sets are the solid traces. Thus the change inthe frequency response

due to the addition of magnets is successfully modeled as a change to only the mass matrix.
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Fig. 8. The two-input/two-output empirical and model frequency response phases corresponding to the amplitudes in Fig. 7.

The comparison is made in Fig. 9. The model predicts the actual frequency response extremely well.

The second test case involves placing a single magnet at eachof the eight points on the resonator corresponding

to the locations shown in both pictures in Fig. 6. This perturbation should correspond to modifying the nominal

mass matrix by the sum of∆1 and∆2. Thus we compare the frequency response data against the model

(R0+ jωR1)
(

−(M0+∆1 +∆2)ω2 +K + jωC
)−1

.

Again, the set of plots in Fig. 10 shows very good agreement between the model prediction and the empirical

frequency response data. This verifies the predictive powerof the model fitting technique and the assumption that

the addition of the magnets can be modelled purely as a mass matrix perturbation.

D. TUNING THE MODAL FREQUENCIES

I. Frequency Tuning by Perturbing One Unique Angular Location

Now that the experimental setup and modelling techniques are identified, we begin to develop potential pro-

cesses for driving the modal frequencies of the Macro DRG together and reaching a ‘tuned’ state. By observing

Fig. 7 it is clear that the angular location of the a mass perturbation effects the resulting frequency split. For
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Fig. 9. Empirical frequency response of macro DRG with double the mass perturbation at the∆1 perturbation locations (‘◦’) compared to the frequency

response predicted by the modelR̃( jω)(−(M0 +2∆1)ω2 +K + jωC)−1 (solid trace).

a simple ring, frequency tuning can be achieved by adding mass to only one location, which happens to be the

anti-node of the high frequency mode [9]. This appears to be,in a sense, the simplest solution to the frequency

tuning problem and in this section we attempt a deep analysisof this methodology. First the high frequency mode

shape is mapped out using a laser vibrometer. Then, using this as a guide, single location frequency tuning is

attempted in a region near the anti-node and it is confirmed that the mode shape is, indeed, a good tuning guide.

Finally, two additional methods are tested that use the model fitting techniques derived in this paper to identify

this ideal tuning location. These satisfy the goal of using only the electromagnetic drivers and capacitive sensors

to guide the tuning process.

1) Measuring the Mode Shape:In this experiment, the radial motion is measured at the outer ring by a laser

vibrometer. One of the electromagnets is used to excite the Macro DRG at the higher of the two n=2 Coriolis-

coupled frequencies. The previous testing setup is placed on a rotational stage while the laser vibrometer is in

fixed position (Fig. 11). Vibration measurements were takenevery two degrees on a 90 degree arc. The resulting

mode shape is shown as the right hand plot of Fig. 11, with the peak displacement occurring at 77 degrees. It

is important to note that the mode shape follows a sine wave fairly well, but not perfectly. This is essentially
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Fig. 10. Empirical frequency response of macro DRG with the mass perturbations in both the∆1 and∆2 perturbation locations (‘◦’) compared to the

frequency response predicted by the modelR̃( jω)(−(M0 +∆1 +∆2)ω2 +K + jωC)−1 (solid trace).

the procedure for identifying a mass tuning location suggested for simple rings and provides some interesting

information, but does not satisfy the stated goal of using only the fixed electromagnetic drivers and capacitive

sensors to guide the tuning.

2) Testing Frequency Tuning Near the Anti-node:We first attempt to tune by repeatedly placing magnets at

76 degrees from theD1 axes and measuring the empirical frequency responses between magnet additions. The

resonant frequencies from these responses are calculated by taking the square roots ofλ high
M,K andλ low

M,K, the larger

and smaller eigenvalues of the modeled mass and stiffness matrices as derived from the empirical frequency

responses. The split (difference) between these frequencies is plotted in the right hand plot of Fig. 12. At first

the split decreases, but, after a certain point, the additional magnets increase the split. This practice was repeated

at 72, 74, 78 and 80 degrees from theD1 axes and the data is plotted in Fig. 12. Though the plots are crudely

faceted due to discrete amount of mass added with each magnet, it still appears from Fig. 12 that the best tuning

location is approximately 77 degrees from theD1 axes. It should be noted, however, that by misplacing magnets

by only 3 degrees, the minimum achievable split is increasedfrom about 0.15 Hz to 0.4 Hz. This behavior follows

what is predicted using the equations in [9] for a simple ringand is fairly simple to explain. When mass is placed
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Fig. 11. Left: Illustration of the testing setup used to determine the radial defection of the outermost ring of the Macro DRG resonator. The driving

electromagnet and the resonator are fixed on the rotational stage, so that the deflection can be measured at very fine increments. Right: Plot of the

radial deflection as a function of angular position. The dotsrepresent the experimental data, while the dotted line is closest sine wave fit (not sure the

best way to say this...i used an fft of the data and used only the first harmonic to make the plot). The larger deviations from the sine wave are most

likely caused by the additional stiffness provided by the spokes. Also, the dynamics of the system subtly changed throughout the experiment, causing a

couple small irregularities to the plot. One proposed tuning method involves adding mass directly to the resonator at the location corresponding to the

anti-node of the experimental data. This is the method that has been used in the past to tune other ring shaped devices. Ourgoal is to develop a process

that would only use the fixed electromagnetic actuators and capacitive sensors.

directly at the locale of the high frequency mode, the frequency split is reduced, and the anti-node remains in

the same location. If more mass is added after the split reaches zero, the locale where mass is added becomes

the new low frequency anti-node and the split begins to increase. If the initial magnet is misplaced, however, the

high frequency anti-node shifts away from the locale of the added magnet. The split then begins increase when

the added magnet is closer to the low frequency anti-node. Thus, as the error in the location choice increases, the

frequency split begins to increase with fewer added magnetsand minimum achievable split increases.

The solid line on the right hand side of Fig. 12 is an attempt tosimulate the minimum achievable split if mass

could be added in smaller amounts when tuning 76 degrees fromtheD1 axes. The∆ associated with the first four

magnets added was found using a model fit to the empiricial frequency response data of the unperturbed case and

the case with four magnets added at 76 degrees. The solid trace on the plot is the predicted split using this∆, ie.

the difference in the frequencies derived fromλ high
M0+

α
4 ∆,K andλ low

M0+
α
4 ∆,K whereα is the number magnets added.

Thus it is clear that the model fitting process would prove helpful in determining the minimal split associated with

a particular mass perturbation. This inspires the first proposed tuning method.

3) ∆ as a Function of Angular Position on the Outer Ring:A function ∆(θ) is defined as the relationship

between∆, the mass matrix perturbation associated with the one magnet placed upon the outermost ring, andθ ,
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Fig. 12. The five traces on the left hand plot represent five experimental attempts to tune the Macro DRG by placing magnets at only one angular

location, using locations of 72, 74, 76, 78 and 80 degrees. Data was taken when 0,4,6,7,8,9 and 10 magnets were added for each case. The frequency

splits were found by taking a two by two frequency response ateach of these points, fitting a model to the data, and using thegeneralized eigenvalues

of the modeledM andK matrices. In each case the split is at first reduced but beginsto increase before becoming less than 0.1Hz. It appears that the

smallest split would be achieved using near a location near 77 degrees. It is interesting to note that if the placement is as much as 3 degrees away from

this location, the minimum split increases to 0.4 Hz. The plot at right shows only the data taken for at 76 degrees. The solid line fit is done by fitting the

empirical data from the first two points to a set{M0,∆,C,K,R0,R1} and usingλ high
M0+

α
4 ∆,K andλ low

M0+
α
4 ∆,K to determine the split (whereα is the number

of masses added). This is a good test of the predictive relevance of the model, but also shows the minimum achievable splitif mass could be added in

fractions of a magnet.

the angular position of that additional magnet. Once the function∆(θ) is known, an angle,θ , and a scalar number

of magnets,α, can be found such that such thatλ high
M0+α∆(θ ),K

= λ low
M0+α∆(θ ),K

. An experiment is performed to find

∆(θ) for values ofθ in one ninety degree arc3. Eight separate perturbations where conducted with magnets

spaced in 11.25 degree steps (a total of nine MIMO frequency response data sets) and then the model parameter

set{M0,∆1, . . . ,∆8,C,K,R0,R1} was identified. Plots of the upper diagonal, lower diagonal and off diagonal terms

of each∆k, k= 1,2, . . . ,8, are shown in Fig. 13. By linearly interpolation,∆ can be approximated for anyθ . When

θ = 75.4 degrees andα = 8.4 magnets,λ high
M0+α∆(θ ),K

andλ low
M0+α∆(θ ),K

are equal making the system tuned. If we

were to rely solely on this data to perform the tuning, a final split of about 0.2Hz would be achieved (using data

from Fig. 12), which is pretty good. Unforuntately, it wouldnot be practical to use the experimental relationship

of Fig. 13 on a different Macro DRG. Any small difference in the drive and sense gap distances or the internal

stiffness and damping might effect the relationship. Thus,to use this approach, this entire experiment would have

to be repeated for every new device, requiring excessive andperhaps unessesary perturbations.

3It can be shown that adding the same mass at 90 degree, or 180 degree, angles relative to the current position produces the same mass matrix

perturbation for the modes of interest.
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Fig. 13. Left: Mass matrix perturbation,∆, as a function of the counter-clockwise angle from theD1 axis, θ , found by fitting the model to ten

empirical frequency response data sets. The upper diagonalterm is denoted by ‘♦’, the lower diagonal by ‘◦’, and the off diagonal term by ‘�’. Right:

Illustration of the eight placements of the magnet in the tests. When the experiment is repeated with different lengths for the actuators and sensors, and

different initial magnet distributions, the functional relationship varied only a little. The absolute magnitudes are not important because model paramter

set by theM0 > I constraint. The relative magnitudes, however, are at the very least interesting. The filled in black data point and magnet is meant to

illustrate the perturbation done to achieve the set of data points at 67.5 degrees.

4) The Eigenvectors of M and K:In the second method, the generalized eigenvector associated with theλ high
M,K

is used to identify the location of the high-frequency anti-node. Thoughλ high
M,K is known to be the square of the

higher natural frequencies of the model, the physical interpretation of the generalized eigenvectors relies on the

coordinate system of the equations of motion. Because the coordinates of the generalized eigenvectors are in the

drivers’ reference frame (refer to (1)), the ratio of the components of the generalized eigenvectors are the ratio of

the amplitudes of the velocity of the Macro DRG at the two actuators when it is excited at its corresponding eigen-

frequency. In order to use this information to estimate at the mode shape, the amplitude of the radial motion,u,

is approximated byu = Acos(2(θ −Φ)) whereA is the maximum amplitude of the velocity andθ is the angular

location as measured from theD1 axis (Fig. 14). This is clearly an approximation of the true shape given in

Fig. 11. The amplitude of motion at the first and second driverwould beAcos(2Φ) andAsin(2Φ) respectively.

ThusΦ, the angular location of anti-node of the high frequency mode, can then be approximated by

Φ = 1
2tan−1

(

v1

v2

)

, (7)

wherev1 andv2 are the values of first and second term respectively of the eigenvector associated withλ high
M,K . In

the case of the unperturbed Macro DRGΦ = 75 degrees. This method is particularly attractive becauseit does
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Fig. 14. Illustration of the assumed mode shape of the ring using u = Acos(2(θ −Φ)), whereΦ indicates the location of the anti–nodes of the mode

shape, andu is the radial displacement of the mode shape, as a function ofthe angleθ . We will use this notation to approximate the mode shape of the

Macro DRG.

not require any experimentation besides the initial frequency response test to approximate the location of the anti-

nodes. It appears to be slightly less accurate than the estimate found directly using∆ and would have a minimal

split of approximately 0.3 Hz split.

This method can be improved if one abandons the notion of using only one angular location for tuning. In this

improvement, after each magnet is added and a new empirical frequency response is performed, a new model

parameter set is found with a new anti–node location. This new location is the target for the next added magnet.

Essentially, the effect of the estimate error is negated by chasing the location of the high frequency anti-node

around the ring. This method proves succesful, gauranteeing a final frequency split of less than 0.1 Hz, but lacks

elegence and would be difficult to practice on the SiDRG. A more elegant method is presented in the next section

in which the anti-node is essentially “trapped” between twospokes on which mass is added.

Actual Ideal Locale 77 degrees

Anti-node Location (using vibrometer) 77 degrees

∆(θ) prediction 75.4 degrees

Eigenvector prediction 75 degrees

II. Tuning Using the Spokes

When the tuning problem is generalized to allow two tuning locations, the solution is much more robust to

errors in placement. By choosing mass loading locations on either side of the anti-node of the high frequency

mode, the anti-nodal orientation is, in a sense, trapped. For a MEMs structure such as the SiDRG, it will be

easiest to add mass at the “spokes” of the resonator (visiblein Fig. 3) as the structures that join adjacent rings and
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Fig. 15. Left. Illustration of the identified spokes for mass loading for the example in the text. The gray axes represent the approximated anti-nodal

axes of the unperturbed Macro DRG. The small white circles represent where the two magnets may be placed to calibrate the spoke 1, and the two black

circles represent where two more may be added to calibrate the spoke 4.Right. The final orientation of the magnets that successfully tunesthe Macro

DRG so that the anti-nodal axes are “trapped” between the tuning spokes. The calibrations in the previous steps are used to choose this orientation.

form a radial pattern) that are closest to the anti-node. In this scenario the perturbed mass matrix is given by

M = M0+α1∆1+α2∆2, (8)

where∆1 and∆2 correspond to the mass matrix perturbations associated with the addition of mass to the two

tuning spokes.

This process can be described as a three step algorithm. As anexample, we start with the data for the un-

perturbed Macro DRG (represented by ’◦’ in Fig. 16). In the first step, a model is fit to this data set andΦ is

approximated as 79 degrees using (7). This location is between the spokes labelled 4 and 1, thus these are chosen

as the locations for tuning. The second step acts as a calibration step for the mass matrix perturbations∆1 and

∆2. Two magnets are added to spoke 4 to represent the∆1 perturbation and an empirical frequency response is

measured. Then, two magnets are added to spoke 1 and a third frequency response is measured. Using the three

frequency response sets, the model parameters{M0,∆1,∆2,C,K,R0,R1} can be found. Fig. 16 shows the three

empirical frequency of the first two steps. As expected, witheach added magnet the resonant frequencies and

their relative split are reduced. In the third step the numbers of magnets that need to be added to each spoke are

calculated. This problem is solved withα1 = 7.2 andα2 = 3.2, rendering the system withM as in (8) degenerate.

We can only add quantized amounts of mass onto the rings, so 3 masses are added to the spoke 1, and 7 to the

spoke 4. The final empirical frequency response is acquired and is shown in Fig. 17. Note that the response in the

off diagonal channels is reduced, which is the expected result in a degenerate sensor. After model identification

is performed on this last data set, the split is found to be only 0.08 Hz. For our purposes, the sensor is tuned.

The algorithm was then applied to an array of initial mass distributions in order to test its performances on
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Fig. 16. Frequency responses from steps 1 and 2 of the algorithm with their corresponding fit. ‘◦’ represents the empirical response from the

unperturbed case, ‘�’ represents the response when magnets are added only to spoke 4 and ‘♦’ represents when magnets are added to spoke 4 and

spoke 1. Again the solid lines represents the model fit performed on the the three sets. The model associated with this fit isused to determine the

number of magnets needed to be added in order to achieve a tuned state. The frequency response after the tuning magnets areadded can be seen in

Fig. 17.

multiple cases. For these tests, a larger magnet (diameter 8mm) is placed on the outside of the ring at positions

{0, π
16, . . . ,

7π
2 } from D1 for the initial arrangement. A fine tuning step is added to aidthe final results. If the

split in the third step is more than some threshold than one additional magnet is added to the spoke closest to the

approximated location of the high frequency anti-node. In this case a threshold of 0.10 Hz is chosen, because the

most a single magnet can reduce a split is.20 Hz. The results are shown in the table below. In all but one case

the final frequency split is below the threshold, and can be thought of as successfully tuned. It turns out that the

static threshold is not the best way to determine if an additional magnet on a spoke would further reduce the split.

A threshold that is dependent onΦ is actually more desirable, and could be discussed if there was more room.
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Fig. 17. The empirical frequency response of the unperturbed resonator is again represented by ‘◦’. Using the model of the data in Fig. 16, weightings

of 3.2 magnets on spoke 1 and 7.2 magnets on spoke 2 are predicted to give a tuned split. ‘�’ represents the empirical frequency response when 3

magnets are on spoke 1 and 7 magnets are on spoke 2. The solid line corresponding to this data is the predicted response using the model. The final

split is 0.08 Hz.

Large Magnet First Second Perturbation for Perturbation for Frequency Iterative Final

Placement Spoke Spoke first spoke second spoke split Spoke Frequency

(degrees) (# of magnets) (# of magnets) (Hz) Split (Hz)

na 1 2 7 4 0.14 4 0.08

0 2 1 6 5 0.12 2 0.08

15 1 2 4 2 0.10 4 0.08

30 1 4 6 1 0.10 1 0.10

45 1 2 9 0 0.12 4 0.12

60 1 2 11 5 0.13 4 0.08

75 1 2 8 8 0.03 na na
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E. CONCLUSIONS

A method using a mass matrix perturbation approach for tuning the two Coriolis-coupled modes in a vibratory

gyroscope has been experimentally demonstrated on a scale model of the Boeing Silicon Disk Resonator Gyro.

Although mass was added to the resonator for this study, the methods are readily adapted to the situation in which

mass is removed. Future work will address mass matrix perturbations that can reduce the coupling of linear

acceleration to the Coriolis-coupled modes. The latter objective is important for isolating the modes used for

angular rate sensing from linear acceleration of the sensorcase.
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